DIGITALCOMMONS

— @WAYNESTATE— Wayne State University

Wayne State University Dissertations

1-1-2015

On A Multi-Dimensional Singular Stochastic
Control Problem: The Parabolic Case

Nhat Do Minh Nguyen
Wayne State University,

Follow this and additional works at: https://digitalcommons.wayne.edu/oa_dissertations

b Part of the Mathematics Commons

Recommended Citation

Nguyen, Nhat Do Minh, "On A Multi-Dimensional Singular Stochastic Control Problem: The Parabolic Case" (2015). Wayne State
University Dissertations. 1379.
https://digitalcommons.wayne.edu/oa_dissertations/1379

This Open Access Dissertation is brought to you for free and open access by Digital Commons@WayneState. It has been accepted for inclusion in
‘Wayne State University Dissertations by an authorized administrator of Digital Commons@WayneState.

www.manharaa.com



http://digitalcommons.wayne.edu/?utm_source=digitalcommons.wayne.edu%2Foa_dissertations%2F1379&utm_medium=PDF&utm_campaign=PDFCoverPages
http://digitalcommons.wayne.edu/?utm_source=digitalcommons.wayne.edu%2Foa_dissertations%2F1379&utm_medium=PDF&utm_campaign=PDFCoverPages
https://digitalcommons.wayne.edu/oa_dissertations?utm_source=digitalcommons.wayne.edu%2Foa_dissertations%2F1379&utm_medium=PDF&utm_campaign=PDFCoverPages
https://digitalcommons.wayne.edu/oa_dissertations?utm_source=digitalcommons.wayne.edu%2Foa_dissertations%2F1379&utm_medium=PDF&utm_campaign=PDFCoverPages
http://network.bepress.com/hgg/discipline/174?utm_source=digitalcommons.wayne.edu%2Foa_dissertations%2F1379&utm_medium=PDF&utm_campaign=PDFCoverPages
https://digitalcommons.wayne.edu/oa_dissertations/1379?utm_source=digitalcommons.wayne.edu%2Foa_dissertations%2F1379&utm_medium=PDF&utm_campaign=PDFCoverPages

ON A MULTI-DIMENSIONAL SINGULAR STOCHASTIC CONTROL PROBLEM:
THE PARABOLIC CASE

by

NGUYEN DO MINH NHAT

DISSERTATION

Submitted to the Graduate School
of Wayne State University,
Detroit, Michigan
in partial fulfillment of the requirements

for the degree of

DOCTOR OF PHILOSOPHY

2015

MAJOR: MATHEMATICS

Approved By:

Advisor Date

www.manharaa.com




DEDICATION

To my family

To my teachers

ii

www.manharaa.com




ACKNOWLEDGEMENTS

First and foremost I am grateful to my advisor, Professor Jose Luis Menaldi. Throughout the
years of my graduate study at WSU, I have been benefited enormously from his ideas, enthusiasm
and overall guidance. I thank him for not only serving as my research supervisor and spending
countless hours in sharing his broad knowledge of mathematics with me, but also for his encour-
agement, patience and consideration during the years.

I also thank Professor Guozhen Lu for giving me many wise counselors, and giving those won-
derful courses which I have enjoyed taking.

I must also thank Professors George Yin, Peiyong Wang, and Weisong Shi for serving on my
committee.

I am also indebted to many of my fellow graduate students, whose friendship has helped to
make the student life tolerable, and to the staff in the department for their help.

Finally, I thank my wife Vy and my daughters Selena and Brianna for their love, understanding

and tolerance. To them this thesis is dedicated.

iii

www.manharaa.com




TABLE OF CONTENTS

Dedication . . . . . . . . L ii
Acknowledgements . . . . . . ... .. iii
General Notation . . . . .. .. . . . L vii
CHAPTER 1: INTRODUCTION . . . . . .. e 1
1.1 Singular stochastic control . . . . . . .. ... L Lo 1

1.2 Other control problems . . . . . . . . .. 3
1.2.1 Random horizon . . . . . . . . .. .. 3

1.2.2  Optimal Stopping . . . . . . . . . 4

1.2.3 Impulse Control . . . . . . . . .. .. 4

1.2.4 Optimal switching . . . . .. ... . ... L 5

1.2.5 Ergodic control . . . . . . .. L 5

1.2.6 Partial observation control problem . . . . . ... ... ... .. ... 6

1.3 Examples . . . . . . 8
1.3.1 Forest harvesting problem: . . . . ... . ... .. oL 8

1.3.2 Portfolio optimization: . . . . . . . . ... Lo 8

1.3.3 Production planning: . . . . . . ... oo 9

1.3.4 Heavy traffic limits of queues: . . . . . . . . . ... Lo 9

1.4 Free boundary problems . . . . . . . .. Lo 10
1.5 Ourmainresults . . . . . . . . . L 10
1.6 Backward parabolic problem . . . . . .. .. o o 13
CHAPTER 2: PRELIMINARIES . . . . . ... oo 17
2.1 Dynamic programming principle . . . .. ... .. o oL L 17

econd order in R"x]0,T[ . . . ... ... ... ......... 18

iv

www.manharaa.com



2.2.1 Regularity with respect to the space variables . . . . . . .. ... ... .. .. 18

2.2.2 Unbounded coefficients . . . . . . . . . . . .. e 19
2.2.3 Bounded coefficients . . . . . . ... 21
2.3 General properties of the free boundary . . . . ... ... ... .. ... ....... 23

CHAPTER 3: FORMULATION OF STOCHASTIC OPTIMAL CONTROL

PROBLEM AND CHARACTERIZATION OF THE OPTIMAL

COST . . e 25
3.1 The Formulation of Expected Cost Function . . . . . . .. .. ... ... ... .... 25
3.2 Hamilton-Jacobi-Bellman Equation . . . . . .. ... ... ... .. .. 0 . 26
3.3 Preliminary Results On The Smoothness Of w . . . . . .. ... .. ... ... .... 27
3.4 Penalized Equation . . . . . . .. .. L 41
3.5 Some results of the approximating functions we . . . . . . . .. .. ... ... ..., 42

CHAPTER 4: EXISTENCE AND UNIQUENESS OF THE OPTIMAL COST . . 50

4.1 Variational Formulation . . . . . . . ... ... .. 0 50
4.2 Auxiliary Lemmas . . . . . . .. 52
4.3 The Regularity Of The Solution. . . . . . . . . ... ... . ... . ... ....... 61
CHAPTER 5: REGULARITY OF THE FREE BOUNDARY .. ... ... ..... 66
5.1 The Strong Maximum Principle . . . . . . . .. ... o o oo 70
5.2 Positive Lebesgue Density For The Coincidence Set . . . . . .. .. ... ... .... 72
5.3 Smoothness Of The Free Boundary . . . . . .. ... ... .. ... ... ....... 75

CHAPTER 6: REGULARIZATION FOR A NONLINEAR BACKWARD
PARABOLIC PROBLEM WITH CONTINUOUS SPECTRUM
OPERATOR . . . . . .. e 77

6.1 Regularization of the homogeneous problem . . . . . ... .. ... ... ... .... 77

www.manaraa.com



6.2 Regularization of the nonlinear problem

......................... 82

6.3 Numerical experiment . . . . . . . . .. L e 89
References . . . . . . . . e 94
Abstract . . . . . . L 103
Autobiographical Statement . . . . .. ... ... o 104

vi

www.manharaa.com




Al :

LP([a, b]; R™) :

MP([a, b]; R™) :
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CHAPTER 1 INTRODUCTION

Stochastic control is the study of dynamical systems subject to random perturbations and which
can be controlled in order to optimize some performance criteria. Over the past six decades, stochas-
tic control has been developed extensively with many applications to other sciences, engineering,
finance, economics, etc. In the stochastic control theory, there are many very interesting problems
and a variety of approaches has been proposed to show these problems. Let us list here some of

them among others.
1.1 Singular stochastic control

The class of singular stochastic control problems, which has been studied extensively in recent
years, deals with systems described by a stochastic differential equation in which one restricts the
cumulative displacement of the state caused by control to be of an additive nature. More precisely,
in singular control problems the state process is governed by the following n-dimensional stochastic

differential equation

S S S

T ::E—I—/b(@,mg,ug)d@—l—/U(G,mg,ug)ng—I—/g(ﬁ)dw) (1.1)

t t t

on some filtered probability space (2, F, Fy, P) where b(-,-,+),0(:,-,-),g(-) are given deterministic
functions, (Bs,s > 0) is a n-dimensional Brownian motion, z is the initial state at time ¢, and
w: [0,T] — U,v:[0,T] — R* with v nondecreasing componentwise, stand for the controls, U is
called the control set. The expected cost has the form

T

J(u,v) = E{ /f(s,:ns,us)ds—l— / c(s)dvs}, (1.2)

t [t,T)
where f(-,-,-): [0,T] x R x U — R, ¢(-) : [0,T] — R'i are given, and f stands for the running
cost rate of the problem and ¢ the cost rate of applying the singular control. Some special cases

of the. one.dimensional-problem of this type have been studied by many authors including Bather
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and Chernoff [7], [8], Benés et al. [10], Borodowski et al. [18], Bratus [21], Karatzas [52], [51],
Chow et al. [26], El Karoui and Karatzas [50], Harrison and Taksar [43], Karatzas and Shreve [53],
Lehoczky and Shreve [60], Ma [66], Menaldi and Robin [71], [72], and Sun [83]. It is shown that the
value function satisfied a variational inequality which gives rise to a free boundary problem, and
the optimal state process is a diffusion reflected at the free boundary. This approach encounters
substantial difficulties for the problems in high dimension due to the lack of information about
the regularity of the associated free boundary. In Soner and Shreve [82], a special two dimensional
problem (b = 0,0 = I) was considered. It was shown there that the associated free boundary is
smooth enough to construct a reflected diffusion in the continuation region. However, the method
depends heavily on the special features of the problem and cannot be extended to general problems.
Another result about high dimensional problems can be found in Menaldi and Taksar [73], who
considered the n-dimensional case with b = const, ¢ = const. It was shown that the value function
satisfies the associated Hamilton-Jacobi-Bellman (HJB) equation, and the existence of the optimal
control was proved without requiring any regularity about the free boundary. By applying the
compactification method used in Haussmann [45], Haussmann and Lapeltier [46], and El Karoui et
al. [54], then the existence of the optimal control can be shown, see Haussmann and Suo [47]. In
William et al. [89], the regularity question has been solved partially, with certain assumptions the
free boundary is smooth away from some ‘corner points’. By using weak convergence arguments
and a time rescaling technique, the existence of an optimal control with state constraints has been
established in Amarjit and Kevin [23]. Besides, a class of singular stochastic control problem with
recursive utility where the cost function is determined by a backward stochastic differential equation
(BSDE) has been studied in Wang [88]. The stochastic control problems with recursive utility was
firstly introduced by Peng [77], in which the author studied an absolutely continuous stochastic
control problem with recursive utility where the cost function is determined by a BSDE. In recent
years, it has been widely recognized that this class of control problems provides a useful framework

in mathematical finance and differential games (see for example Duffie and Epstein [31], El Karoui
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et al. [32], Hamadéne and Lepeltier [41]).
1.2 Other control problems

Moreover, there are some other control problems that are also significant theoretical and prac-

tical interest. We will list some of those and also emphasize some present developments.
1.2.1 Random horizon

In problem formulation (1.2), the time horizon is fixed until a deterministic terminal time 7.

In some real applications, the time horizon may be random, the control problem is formulated as:

-
sup E{ /f(s, Xs, ag)ds + g(XT)}, (1.3)
acA
0

where 7 is a finite random time, f and g are given functions defined on [0, 7] x R™ x R™ and R".
In standard cases, the terminal time 7 is a stopping time at which the state process exits from a
certain relevant domain. For example, in a reinsurance model, the state process X is the reserve of
a company that may control it by reinsuring a proportion 1 — « of premiums to another company.

The terminal time 7 is then the bankruptcy time of the company defined as 7 = inf{t > 0 : X; < 0}.

More generally, given some open set O of R",
T=inf{t >0: X; O} AT

(which depends on the control). In this case, the control problem (1.3) leads via the dynamic
programming approach to a Dirichlet boundary-value problem. Another case of interest concerns a
terminal time 7 , which is a random time but not a stopping time in the filtration F with respect
to which the controls are adapted. This situation occurs, for example, in credit risk models where
t is the default time of a firm. Under the so-called hypothesis on filtration theory, Pt < t|F]
is a nondecreasing right-continuous process, problem (1.3) may be reduced to a stochastic control
problem under a fixed deterministic horizon, see Blanchet-Scalliet et al. [17] for a recent application

in portfolio optimization model. In the general random time case, the associated control problem has

www.manaraa.com



been studied in the literature, see Bouchard and Pham [19] or Zitkovic [92] for a utility maximization

problem in finance.
1.2.2 Optimal Stopping

In the models presented above, the horizon of the problem is either fixed or indirectly influenced
by the control. When one has the possibility to control directly the terminal time, which is then
modeled by a controlled stopping time, the associated problem is an optimal stopping time problem.
In the general formulation of such models, the control is mixed, composed by a pair control /stopping

time (o, 7) and the functional to optimize is:

E{/Tf(t,Xt,at)dt—l—g(XT)}.
0

The theory of optimal stopping has received an interest with a variety of applications in economics
and finance. These applications range from asset pricing (American options) to firm investment and
real options. Extensions of classical optimal stopping problems deal with multiple optimal stopping
with eventual changes of regimes in the state process. They were studied, e.g. in Bensoussan and
Lions [13], Tang and Yong [84], and applied in finance in Brekke and Oksendal [22], Duckworth

and Zervos [30], Guo [40].
1.2.3 Impulse Control

In formulation of the control problem, the displacement of the state changes continuously in
time in response to the control effort. However, in many real applications, this displacement may be
discontinuous. For example, in insurance company models, the company distributes the dividends
once or twice a year rather than continuously. In transaction costs models, the agent should not
invest continuously in the stock due to the costs but only at discrete times. A similar situation occurs
in a liquidity risk model, see e.g. Cetin et al. [25]. Impulse control provides a suitable framework for

modeling such situations. This may be described as follows: the controlled state diffusion process
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is governed by
dXs=b(s, Xs)dt + o(s, Xs)dWs + d(s,

where the control ¢ is a pure jump process. In other words, the control is given by a pair (7, £n)n
where (7,), is a nondecreasing sequence of stopping times representing the intervention times of
the controller, and (k). is a sequence of F; -measurable random variables representing the jump

size decided by the controller at time (7,,). The functional objective to optimize is in the form:

T
E{/f(t, Xe,ar)dt+ Y h(Xr, kn) +9(X7) }.
0

™<T

Impulse control problem is known to be associated via the dynamic programming approach to an
HJB quasi-variational inequality, see Bensoussan and Lions [13]. For some recent applications in
finance, we refer to Jeanblanc and Shiryaev [49] for insurance models, Korn [56] and Oksendal and

Sulem [75] for transaction costs models, and Ly Vath et al. [65] for liquidity risk model.
1.2.4 Optimal switching

Here one is allowed to switch the control u(-) at stopping times {7;} from wu(7;—)(the value
immediately before 7;) to a new (non anticipative) value u(7;) resp., with an associated cost

q(u(7;), u(7;—)). The aim is to minimize

t

T
— [ (X (s),u(s))ds
E{/e { F(Xy, u)dt+

T
= [ e(X(s)u(s))ds — [ (X (s),u(s)ds
Seo a(u(ms), u(ri=)) + e 0 A(X(T))},

over reset times {7;}, and reset values {u(7;)}. Assume ¢ > ¢ for some ¢ > 0 to avoid infinitely
many switchings in a finite time interval. The switching control can be considered in Menaldi et

al. [69].
1.2.5 Ergodic control

Some stochastic systems may exhibit over a long period a stationary behavior characterized by

anpinvariantymeasuremThissmeasure, if it does exist, is obtained by the average of the states over
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a long time. An ergodic control problem consists in optimizing over the long term some criterion
taking into account this invariant measure. A standard formulation is to optimize over control a

functional of the form

T
hmsup IE /f X, o) dt
0

T—o00

or

hmsupflnE eXp/f X4, oy dt}

T—o0
This last formulation is called a risk-sensitive control on an infinite horizon. The singular control for
multidimensional Gaussian-Poisson processes with a long-run (or ergodic) and a discounted criteria
is discussed in Menaldi [70]. Ergodic and risk-sensitive control problems were studied in Karatzas
[53], Bensoussan and Nagai [14] or Fleming and Rishel [34]. Risk sensitive control problems have
been recently applied in a financial context in Bielecki and Pliska [16] and Fleming and Sheu [35].
Another criterion is based on the large deviations behavior of the ergodic system: P[X7/T] ~

e ! (C)T, when T goes to infinity, consists in maximizing over control a functional of the form:

limsupilnP[ﬁ > c}.
Teoo T T
This large deviations control problem is interpreted in finance as the asymptotic version of the quan-
tile criterion of maximizing the probability that the terminal wealth X7 beats a given benchmark.
This nonstandard control problem has been introduced and developed recently by Pham [78], [79].
It does not have a direct dynamic programming principle but may be reduced via a duality principle

to a risk-sensitive control problem.
1.2.6 Partial observation control problem

It is assumed so far that the controller completely observes the state system. In many real
applications, one is only able to observe partially the state via other variables and there is noise

in_the observation system. For example in financial models, one may observe the asset price but
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not completely its rate of return and/or its volatility, and the portfolio investment is based only
on the asset price information. We are facing a partial observation control problem. This may be
formulated in a general form as follows : we have a controlled signal (unobserved) process governed

by

dXs =b(s, X, Ys, as)ds + o(s, Xs, Yy, as)dW,
and an observation process

dYs =n(s, Xs, Yy, as)ds + (s, X, Ys, o) d B,

where B is another Brownian motion, eventually correlated with W. The control « is adapted with

respect to the filtration generated by the observation FY = (FY) and the functional to optimize is:

J(o) = E{ /f(Xt,Y;,at)dt—i—g(XT, YT)}.
By introducing the filter measure-valued process
I, (dz) = P[X; € dz|FY],

one may rewrite the functional J(«) in the form:
T
/ Htay;faat dt+g(HT7YT)}
0

where we use the notation: f m,y) = [ f(z,y)7(dz) for any finite measure m on the signal state
space, and similarly for §. Since by definition, the process (II;) is (FY) -adapted, the original partial
observation control problem is reformulated as a complete observation control model, with the new
observable state variable defined by the filter process. The additional main difficulty is that the
filter process is valued in the infinite-dimensional space of probability measures : it satisfies the
Zakai stochastic partial differential equation. The dynamic programming principle or maximum
principle are still applicable and the associated Bellman equation or Hamiltonian system are now

inpinfinitepdimensiomsplorgagtheoretical study of optimal control under partial observation under
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this infinite dimensional viewpoint, we mention among others the works Fleming [33], Davis and
Varaiya [28|, Baras et al. [6], Bensoussan [11], Lions [62] or Zhou [90]. There are relatively few
explicit calculations in the applications to finance of partial observation control models and this

area should be developed in the future.
1.3 Examples

Here we sketch in brief some recent applications of stochastic control.

1.3.1 Forest harvesting problem:

In this problem Alvarez [3], the so called ‘stochastic forest stand value growth’ is described up

to extinction time v by

X0 =o+ [ux)is+ [oX(E)awWis - Y ¢
0 0

TE<T

where v = inf{t > 0 : X(¢t) < 0} (possibly oo) and the non-negative, non-anticipative random
variables {71}, {(x} are respectively the cutting times and the quantities cut at the respective
cutting times. The aim is to maximize the forest revenue E{ Dom<y € (X (Tk) — c)}, where ¢ > 0

is the reforestation cost and r > 0 is the discount factor. This is an impulse control problem.
1.3.2 Portfolio optimization:
In Korn and Kraft [56], the wealth process in portfolio optimization satisfies the s.d.e
dX(t) = X(@O)[r(t)u(t) + (1 — w(t))r(t)dt + 7 (t)o (t)dW ()],

where u(-),o(-) are known and 7 (-) is the [0, 1]-value control process that specifies the fraction
invested in the risky asset, the remaining wealth being invested in a bond. Here r(-) is a fluctuating

interest rate process satisfying
dr(t) = a(t)dt + bdW’'(t).

Both a(-) and b are assumed to be known and W’(t) is a Brownian motion independent of W ().

Therainpistommaximizedfi{2G(4) " } for some 7',y > 0. An alternative ‘mean variance’ formulation in
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the spirit of Markowitz seeks to maximize a linear combination of the mean and negative variance
of X(T') Zhou and Li [91]. A ‘risk sensitive’ version of the problem, on the other hand, seeks to

maximize

2
iminf — — (2/6)X(T)
lim inf 7 logE{e }.

TToo
See [56], Kuroda and Nagai [57] for more general formulation.

1.3.3 Production planning:

In Bensoussan et al. [15], considering a factory producing a single good. Let y(:) denote its
inventory level as a function of time, p(-) > 0 the production rate, £ denote the constant demand
rate and yp, p1 denote the factory-optimal inventory level and production rate respectively. The

inventory process is modeled as the controlled diffusion
dy(t) = (p(t) — §)dt + odW (t),

where o is a constant. The aim is to minimize over non-anticipative p(-) the discounted cost

e}

B{ [ letolt) ~ p0)? + y(e) — it}

0

where ¢, h are known coefficients for the production cost and the inventory holding cost, resp.
1.3.4 Heavy traffic limits of queues:

The following control problem in Harrison and Zeevi [44] arises in the so called Halfin-Whitt
limit of multi-type multi-server queues: Consider a system of d customer classes being jointly served
by N identical servers, with \;, u;,y; denoting the respective arrival, service and per customer
abandonment rates for class i. Let 2; = (Ai/pi)/ >_;(Aj/p5),1 < i < d. In a suitable scaled limit
(the aforementioned Halfin-Whitt limit), the vector of total number of customers of various classes

present in the system satisfies the controlled s.d.e.

dX () = b(X (), u(t))dt + SdW (),
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where the i-th component of b(x,u) is bj(x,u) = —0u; — vi(x; — u;) — pu; and X =

diag[\/2u121, -, /211azq4). The parameter 6 has the interpretation as the the excess capacity of

the server pool in a suitable asymptotic sense. The action space is state-dependent and at x, is

U(:E):{uERd:ugw,Zui:(Zwi)/\O}.

The i-th component of the control, u;(t), will correspond to a scaled limit of the number of servers

assigned to the class ¢ at time ¢. The aim is to minimize the cost

(e}

IE{ / e‘atc(X(t),u(t))dt}

0

for a discount factor o > 0, where ¢(x,u) = >, (h; +vipi)(x; — u;). Here h;, p; are resp. the holding

cost and the abandonment penalty for class <.
1.4 Free boundary problems

There is a strong connection between stochastic optimal control problems and free boundary
problems (see e.g.Bensoussan and Lions [12]). If we let the value function of the problem be u(z,t)
i.e., the infimum of J over all admissible controls, then an application of the dynamic programming
principle will lead to the variational inequality or HJB equation. If we can show that the value
function is convex and in C%!(R"x [0, T']) and the boundary is smooth enough then it can be verified
that the optimal control exists and has the following form: if the state process starts outside of 2
then the optimal control will make it jump to some point on the boundary 0f2, thereafter control v
acts only when the state process is on 052, and is pushed it back into 2. The optimal state process
is thus a reflected diffusion in the set €2, and the singular optimal control is like the local time of
the reflected diffusion at the boundary 0€2. Therefore, the free boundary problem related to the

stochastic control therefore arises naturally.
1.5 Our main results

Under appropriate smoothness and growth conditions on the data, we prove the existence and

uniquenessyofpolynomialygrowing, positive solution of the variational inequality associated with a
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multi-dimensional singular stochastic control problem with a convex running cost. The solution u
of this variational inequality, which is the value function for the control problem, is shown to be in
the class C2. Moreover, our purpose is to prove that if for a fixed time ¢y, the point X is a point
of density for the coincidence set, then in a neighborhood in space and time of (X, ) the free
boundary is a surface of class C! in space and time and all the second derivatives of the solution
are continuous up to the boundary.

This problem comes from the study of a linear stochastic control system. Let (w(t),t > 0) be a

standard Wiener process in R"™, and the state of the system be described as

S S

y(s) =z +v(s—1t)+ /g(/\)d)\—l— /U(A)dw(/\ —t) for every s > t, (1.4)

where z is the initial state and (v(s), s > 0) stands for the control which is a progressively mea-
surable process with locally bounded variation, ¢g(-) and o(-) are given deterministic functions. The

associated optimal control problem is to minimize an expected cost function defined by

T

T
Jat(v) = E{/f(y(S)vs)derC(t)v(O)+/C(S)d|vl(s—t)}v (1.5)

t

where f(-,),c(-) are given, |v| denotes the variation of the process v and T is the finite horizon.

Hence, the optimal cost function is
u(x,t) = inf {Jy(v) : v}, for every x,t. (1.6)

A formal application of the dynamic programming principle yields the complementary problem

max {Au_fa|Diu|_Ci}:0 in R*"x[0,T], Vi=1,---,n,

(1.7)
u(,T) = 0 in R",
for the optimal cost (1.6), where
o 1 < - 0%u = ou
Au = —— — = (D)ot N gt =—, 1.8
b ot 2 Z,;::l (kzlak( ok )> dx;0x; ;g( )633@- (18)
and | - | denotes the absolute value of a real number.

It is clear that (1.7) can be regarded either as a variational inequality or as a free boundary problem.

Weparepinterestedpingthepcharacteristics of an optimal policy of the control as well as a possible
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computation of that optimal strategy. On the other hand, we will see that the problem (1.7),
commonly referred to as the monotone follower, see Karatzas [52], can be obtained as a limit case
of a quasi-variational inequality.

This problem is motivated by our interest in studying the optimal control of a dissipative dynamical
system under uncertainty. In the simplest model, one considers the automotive cruise of an aircraft
under an uncertain wind condition. The equation (1.4) is the equation of motion, where y(s) is the
speed; ¢g(s) is the thrust force; the white noise term the dynamic force due to the shifting wind
condition, and the formal derivative ¥ represents the control in the form of a corrective thrust force.
We wish to find an optimal control policy v over the flight time 7" so that given a finite amount of
fuel for correction, the flight speed will deviate as little as possible to as desirable cruising speed at
a minimum fuel cost. The system (1.4) — (1.6) has another interesting interpretation in the context
of optimal harvesting of randomly fluctuating resource, see Ludwig [64]. In that case, the equation
stands for a controlled linear growth model for the size y of a population, say, in a fishery, where
the terms g and (ow) are, respectively, the mean and fluctuating rates of migration, and © denotes
the harvesting rate. For instance, in a finite horizon, we would like to determine the harvesting rate
in order to maintain the population size as close as possible to an equilibrium size at a minimum
cost.

In the multi-dimensional case [89], William et al. has been studied the problem with the elliptic
operator.Moreover, in his book [68], Menaldi has also considered the optimal control of the stochas-
tic different equations with jumps. In this dissertation, we study the general n-dimensional control
problem with the parabolic operator. We will show that the optimal control exists under some
conditions. The dynamic programming principle will be established.

An outline the main results of this thesis is as follows: Chapter 1 is a introduction of some recent
aspects and developments in optimal stochastic control with a view towards applications. Chapter
2 presents the preliminary results that are necessary for the thesis. In Chapter 3, we recall a model

problem which arise from different applications to show the particular features of optimal singular
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controls. We mention the characterization of the optimal cost function as the unique solution of
the problem (1.7) in a certain sense. Also, we prove some preliminary results about the smoothness
of the optimal cost function and studies certain other functions that approximate it. Chapter 4
devotes to prove the existence and uniqueness of solution of the penalized equation and the conver-
gences to the optimal cost function, and lastly, some properties of regularity for the optimal cost,
e.g. locally Lipschitzian derivative of u. The smoothness of the free boundary is proved in Chapter
5, with the main results in Theorem 5.13.

Beside our main results ‘On a multi-dimensional singular stochastic control problem: the

parabolic case’, we also consider a backward parabolic problem, (see Nhat [86], [87]).
1.6 Backward parabolic problem

We consider an inverse time problem for a nonlinear parabolic equation in the form u; + Au(t) =
flt,u(t)), u(T) = ¢, where A is a positive self-adjoint unbounded operator and f is a Lipschitz
function. As known, this problem is ill-posed. Using a quasi-reversibility method, we shall construct
regularization solutions depending on a small parameter . We show that the regularized problem is
well-posed and that their solution u¢(t) converges on [0, T] to the exact solution u(t). These results
extend the work by Dinh Nho Hao et al [42] to nonlinear ill-posed problems. Some numerical tests
illustrate that the proposed method is feasible and effective. Let H be a Hilbert space. Let A be
a self-adjoint operator defined on a subspace D(A) of the vector space H such that —A generates
a compact contraction semi-group on H. We shall consider a final value problem of finding a

u:[0,T] — H such that

wp + Au(t) = f(t,u(t)), 0 <t <T, (1.9)

u(T) = o, (1.10)

where ¢ € H is a prescribed final value and f : R x H — H is a Lipschitz function. We can

rewrite the above problem by the following integral equation (see, e.g., Balakrishnan [5], Chapter
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T
u(t) =S(T 1y — /S (s — )7 (s, u(s))ds, (1.11)

where S(t) is the semigroup (generated by —A) which is defined precisely later. As known, the
nonlinear nonhomogeneous problem is severely ill-posed. In fact, the problem is extremely sensitive
to measurement errors (see, e.g., Beck et al. [9]). The final data is usually the result of discretely
experimental measurements and thus is patched into L2-functions and that is subject to error.
Hence, a solution corresponding to the data does not always exist, and in the case of existence, it
does not depend continuously on the given data. This, of course, shows that a naturally numerical
treatment is impossible. Hence, one has to resort to a regularization.

The problem has a long history. The linear homogeneous case f = 0 of this problem has been
considered by many authors using different approaches. After the pioneering work by Lattes and
Lions [59] in 1967, Miller [74], Payne [76] and many authors approximated the linear problem by
perturbing the operator A. Their regularization methods called quasi-reversibility ((QR)method
for short) are effective to the homogeneous problem but the nonhomogeneous and the nonlinear
cases have not been studied completely. The main idea of the method is adding a ”corrector” into

the main equation. In fact, they considered the problem
up+ Au—eA*Au=0, te€[0,T], u(T)= .

The stability magnitude of the method are of order ¢ . In [2], [39], [81] the problem is approxi-

mated with
ur + Au+€Au, =0, t€[0,T], w(T)= . (1.12)

Ames and Hughes [4] gave a survey about an association between the operator-theoretic methods

and the QR method to treat the abstract Cauchy problem

d
d—z:Au, W)=y, 0<t<T.
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The authors considered the problem in both the Hilbert space and in the Banach space. They
also gave many structural stability results. Recently, using the QR method, Yongzhong Huang and
Quan Zheng, in [48], considered the problem (1.9) in an abstract setting, i.e., —A is the generator
of an analytic semigroup in a Banach space. In 1983, Showalter presented a different method called
the quasiboundary value (QBV) method to regularize that linear homogeneous problem which gave
a stability estimate better than the one of discussed methods. The main idea of the method is
of adding an appropriate ”corrector” into the final data. Using this method, Clark-Oppenheimer,
in [27], and Denche-Bessila, recently in [29], regularized the backward problem by replacing the

final condition by

u(T) + eu(0) = ¢

and

u(T) — e (0) = .

respectively.

Recently, the improve results for homogeneous ill-posed problem has also been given in [42] by
Dinh Nho Hao and his coauthors.

Although we have many work on the linear homogeneous case of the backward problem, the
literature on the linear nonhomogeneous case and the nonlinear case of the problem are quite scarce.
In Trong and Tuan [85], the authors used the QR method and the eigenvalue expansion method to
regularize a 1-D linear nonhomogeneous backward problem. Recently, in Quan and Trong [80], the
methods of integral equations and of Fourier transform have been used to solve a 1-D nonlinear
problem on R.

As far as we known up to now, we can only find some rarely papers which studied the nonlinear

backward problem by using quasi-reversibility, such as Long and Dinh [63]. In fact, in [63] gave the
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following problem

V(t) + Agug(t) = e” 1700445 f(y)

vg(l) = ¢

where Ag = A(I 4+ SA)~!. However, they estimated some error between the exact solution and the
approximate solution on the small interval of time. Moreover, the stability of magnitude of that
problem is very large, which is e . Consequently, the quasi-reversibility method given in Long and
Ngoc [63], is not effective to regularize the backward parabolic problem with the large time.

It is believed that the QBV method gives the stability result better than the other QR method
do. In this dissertation, we shall use a modified quasi-reversibility method to regularize the problem
and to improve the stability result of this method. We shall prove that this method gives the same
stability magnitude order as the one in the case of QBV method. And especially, the new method is
useful to consider nonlinear problems. The problem (1.11) can be approximated by the approximate

problem
d €
T (t) + Acus(t) = B(e, t) f(t,u(t)), tel0,T], (1.13)
u(T) = (1.14)
where A, B(e, t) will be defined later on.
The remainder of the thesis is Chapter 6. In section 6.1, we shall prove that (1.13) — (1.14)

are well-posed. Then, in section 6.2, we shall show that u® converges in C([0,7T]; H) to the exact

solution. Error estimates are then given.
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CHAPTER 2 PRELIMINARIES

In this chapter, we present some fundamental results on dynamic programming principle (see
Flemming [36]), regularity of parabolic problems (see Bensoussan [12]) as well as the free boundary

problem (see Friedman [38]).

2.1 Dynamic programming principle

Define a value function by u(x,t) = ()1121}"( )J(;U, t;u). For any initial condition (z,t) € Q and
u(-)eU(x,t
r e [t, tl],
AT
uw )= it [ [ L) ule)dst gra(Ohvees + ulratDves] . (20)

The above identity is called the dynamic programming principle. Let 0 < h < t; — ¢, and take
r = t+h in the dynamic programming principle (2.1). Subtract u(x, t) from both sides of (2.1) and

then divide by h. This yields

(t+h)AT
1 1
nf 1 I L )
u(,)g}/(m){h t/ (s,2(s),u(s))ds+ hg(T,;L’(T))X <tth o)
1
+E[“(t + h, z(t + 1)) Xerhar — ult, ;U)]} =0.

For every (t,z) € @Q and v € U there exists u(-) € U(x,t) such that v = liﬁn u(s). If we formally let

h | 0in (2.2) we obtain

%V(w, t)+ gglfJ{L(t, x,v)+ f(t,z,v) - D,V (x,t)} =0. (2.3)

This is a nonlinear partial differential equation of first order, which we refer to as the dynamic
programming equation. In (2.3), D,V denotes the gradient of V(¢,-). It is convenient to rewrite
(2.3) as

—%V(m, t)+ H(t,x, D,V (t,z)) =0, (2.4)

where (t,z,p) € Q x R*, H(t,z,p) = sup{—p - f(t,z,v) — L(t,z,v)}. We call this function the
vel

Hamiltonian The dynamic programming equation (2.4) is also called a Hamilton-Jacobi-Bellman

PDE.
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We will also introduce an important moment inequality as follow:

Theorem 2.1. (see [67], page 839) Let p > 2. Let g € M?([0, T]; R¥>™) such that

T
E{/\g(s)\pds} < 0o0.
0

Then

T
8| [ g < (P2 5w [lgwpas).
0

In particular, for p = 2, there is equality.

2.2 Parabolic P.D.E.’s of second order in R"x]0,T|

2.2.1 Regularity with respect to the space variables

ou Ou O%*u
8t ’ 8:@-’ 8:1)181,‘]
p < 00, equipped with the natural Banach or Hilbert space norm if p = 2; in the notation W21P(Q),

We denote by W21P(Q) the space of the functions u such that u,

€ LP(Q),1<

the ”71” refers to the number of derivatives with respect to ¢ which are in L? and the ”2” refers to
the number of derivatives with respect to z; if p = 2 we write W21(Q). We denote by I/Vli’cl’p (Q) the

space of the function u such that ¢ € D(Q) we have pu € W3LP(Q). We take functions a;;(t), a;, ag

on R™x]0, T'[ which satisfy
QAij = Qji, A5, Ay AQ € Cl(RnX]O,TD. (2.5)

Let v € LP

loc

(Q). We denote by Lv the following distribution on Q:

o d o d
< Lv,y >= 62/1)(% — ; a_xj(““a_m) — ; a—xi(aﬂb) + a(ﬂb)d:vdt

where 1 € D(Q).

Theorem 2.2. (see [12], page 131) Suppose that the assumptions (2.5) hold. Let u € LT (Q) be

such that

Lu=—u+Au=f € L}, (Q), then ue Wy "(Q).

loc loc
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If G is a bounded open set C Q and G’ is an open set such that G' C G, then we have

lullw21p Gy < CU Sl ey + lulire),

the constant C being dependent on the bounds on the coefficients of L on G, as well as on G and

G
82aij 82aij
Di0r.’ e © LeclQ) f €

ou
(Q) and Lu = f, then we have u € W/li’cl’p(Q), a7 € VVfoclp(Q)

Remark 2.1. Under the assumptions (2.5), and if we also have

I of of 1P

Q) Gy 5 € L@, ue

loc

In particular, if p > n, then u € C*Y(Q).

2.2.2 Unbounded coefficients

We write

ZB a”:vt —{—Za”:vt —{—ao(:v t)I.

We adopt the assumptions

aij = aji, ay(x, )| < C, D ay(x, )& = ad &, a>0, (2.6)
Bai 1 Bai
< o> —
‘81}] (:E t)‘ Cm(:l")’ ) 81,‘7, = ﬂom C1,
0o, ¢, c1 suitable constants, (2.7)

m(x) is a positive continuous function in R" such that sup m(tx) < em(z),
0<t<1

ap € L™, and ag(z,t) > 5 > 0. (2.8)

We introduce

7(z) = (14+22)7%, s> 0 fixed arbitrary,
2.9)
9 (
12 = {ulrtve IXRY}Y; HE={ve Li\a—” e L2}
T

lv|2 = /7rv2d:v,

ov |2
r= o+ D5
ot = o2+ 3 Ll

We put

(2.10)
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which defined Hilbert norms on L2 and H} respectively.

We introduce

F = {v|v e HL, vy/m € L2}; equipped with the norm
(2.11)

l\)l»—l

Il = (lollhz + Im*l7,) 2.
Theorem 2.3. (see [12], page 134) Suppose the assumptions (2.6), (2.7), (2.8) hold. Let f €
L?(0,T; L2) and @ € L2. Then there exists a unique function u such that

u € L*0,T; F),

—— +A(t)u = f, (2.12)

Theorem 2.4. (see [12], page 139) Suppose that the conditions of Theorem 2.3 hold and that in

addition we have

laij(z,t)[(1+m(z)) < C,
(2.13)

| aaij
oxp
For f € L?(0,T; L2) and u € H}, the solution u given in Theorem 2.3 satisfies

(:v,t)|(1 + |z|m(z)) < C.

u
—§ aw .15 ) € L*(0,T;L%), weL>®(0,T;F).
Ly

Remark 2.2. If f € LP(0,T; L5(R™)) then u € LP(0,T; LE(R™)), so that, using Theorem 2.2, we

d 8 ou
have u € W/li’cl’p(R"x]O, T)). If f f -€ L, (Q) thenu € W/l?;’cl’p(R"x]O, T[) and a7 € W/ZQO’Cl’p(Q),
with implies, if p > n,u € CQ’I(R"X]O, 7).
We then adopt the assumptions
of _ 1o / _ 2
5 €LOTF), A(Da—f(T) e L2 (2.14)
Qaij 90 94 _ pooign  (0,7)) (2.15)

ot ot ot
Theorem 2.5. (see [12], page 142) Under the assumptions of Theorem 2.3 with (2.14), (2.15), the

solution u obtained in Theorem 2.8 satisfies

— € L*(0,T; F). (2.16)
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Corollary 2.1. (see [12], page 143) Under the condition of Theorems 2.4 and 2.5, we have

@ ou ou

L>®(0,T; F L0, T:F), =) —(ay —) e L*0,T; L? 2.1
u € L>*(0,T: F), 5 € (0, T; F), axi(“”(‘”’t)axj) € L(0,T; Ly), (2.17)
au 2 2
> aij(x,t)5— € L*(0,T; L2). (2.18)
ailii
We adopt the assumptions
m(z) =1, (2.19)
Baij Bao
U ¢ [°(R" T 2.2
Oxy " Oy, € L¥(R" x (0,T)) vk, (2.20)
ue H. (2.21)

We then have the following theorem:

Theorem 2.6. (see [12], page 143) Under the assumptions of Theorem 2.3 and with (2.19), (2.20),

(2.21), we have:

w0 1207 HY) W, (2.22)
oxp

where u is the solution obtained in Theorem 2.5.
2.2.3 Bounded coefficients

We consider the family of differential operators introduced in the preceding section. The coef-

ficients now satisfy the following assumptions
aij(:v, t) = aji(:v, t), Qij, G, ag € LOO(RnX]O, TD,
D aii(z, )6 = a) &, a>0, (2.23)
ij i
ap(x,t) > [ > 0.

We denote by W™P:# the space of functions u(x) such that the quantity

g = (3 [ ep(-piahiDbutar) " < o (2.24)
k<m Rn
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Equipped with the norm (2.24), W™P# is a Banach space. We put H™* = W™, H, =

HO% .V, = H" and we define a continuous bilinear form on V,, by means of the formula

- ou ou
a(u,v) = Z /aijmua—xjmua—xidw—i—

'La]::an
- T; ou
+ Z /(ai —2u Z agj ﬁ)mua—wimuvd:v (2.25)
'L:an J
—{—/aom“um“vd:v
R?’L

in which we have put

my () = exp(—plzl).

Theorem 2.7. (see [12], page 144) Suppose that (2.23) holds. Let f € L*(V)})) and u € H), ; then

there exists one and only one element u such that u € L*(V,,), 94 e LQ(VA), satisfying

ot
(3 o) Fatult), v) = (f(t)v) ae ted, T, VoeV,
dt (2.26)
u(T) = a.
da;j
Theorem 2.8. (see [12], page 145) Under the assumptions of Theorem 2.7 and ‘% < C, for
f € L?(H,) and u € V,,) the solution u(t) of (2.26) belongs to L°>°(V,,) and % € L*(H,).
It then follows Theorem 2.8 that u € L%(0,T; D(A(t))) and that
—@+A(t)u:f a.e. x,t
ot (2.27)
uw(T) =1

aaij aaij
Oxy, Ot

f € LP(0,T;VOP+)y N L2(0,T; H,) and u = 0; then the solution of (2.27) satisfies the regularity

Theorem 2.9. (see [12], page 145) Suppose that (2.23) holds and that are bounded. Let

0
property u € LP(0, T; W2PH) and 8—1: € Lr(0, T; WOPH). Additionally, we have the estimate

0
5

Lo (0. W0 + ||u||LP(0,T;W27P7u) < CHfHLP(O,T;WO’P’H)' (2.28)
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2.3 General properties of the free boundary

For parabolic operators one can solve the first initial boundary value problem

ur + Au = f in Q,

(2.29)
u =g on 0,Q.
With appropriate assumptions, (2.29) can be written in the weak form
(ug, v —u) + a(t;u,v—u) = (f,v—u) fora.e. te(0,7T),
(2.30)

Yo e H'(Q), v=gon @,

where (v, w) = / vwdz. We will study one type of parabolic variational inequalities. Find u satis-

Q
fying
(
up + Au > /s

u >,
(ue + Au — f)(u — ¢) =0,
(u=gon 0 Q.
Let us consider solution of (2.31) in the special case A = —A, ¢ = 0. We find that u; — Au = f if

(2.31)

u > 0. Also, clearly u; — Au = 0> f if u = 0. The function u takes on 9,Q the boundary value v,

where

t
Jglz,7)dr if aeTy, t>0,
0

la,t) = (2.32)
0 if t=0orif |z| =R,
with assumption that g € C*t®(I'g x [0,7]), g > 0. Introducing the convex set
K ={ve H (Q),v>0ae. in Q,v =1 on 9,Q}. (2.33)
If w is a solution of the variational inequality
u € K,
(2.34)

/ut(v —u)dzr + /Vqud:v > /f(v —u)dr fora.e. . te (0,T) YveK.
Q Q Q

Theorem 2.10. (see [38], page 84) The solution u of the problem (2.34) satisfies

0<u <C, C<o
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and
Dgu, D2u, Dyu belong to L>((0,T); LP(Q)).

The set N = {x € Q: u(z) > 0} is called the noncoincidence set and the set A = {z € Q: u(zx) =0}

known as the coincidence set. the boundary of the noncoincidence set in €2
I'=0NNQ
is called the free boundary. We introduce two basic facts for the obstacle problem:

e The free boundary has measure zero;

e If y € I' then liminf D;(u(z) — ¢(z)) > 0, where ¢ is the obstacle, and ¢ is any direction.

z—y, €N
Definition 2.1. (see [38], page 162) For any bounded set S, the minimum diameter of M D(S)
1s the infimum of distances between pairs 111,11y of parallel planes such that S is contained in the
strip determined by 111, Ils. Define the thickness of A at the free boundary point (xq,ty) by

5. (A) =MD 0 Biw0))

r

Theorem 2.11. (see [38], page 235) Let (xo,t9) be a free boundary point; to > 0. Then there is
exists a positive nondecreasing function o(r)(0 < r < rg) with 0(0+) = 0 such that if, for some
0<r<ro,

6(A) > o(r),
then there exist a neighborhood V' of (xg,ty) such that V NT can be represented in the form
x; =k(x1, -+, Ti—1, Tit1, T,y t)
with k € C', and all the second derivatives of u (D?u, Dy Dyu, D?u) are continuous in (NUT)NV.

Corollary 2.2. (see [38], page 235) If

i sup 110 0 B (z0))|

>0
r—0 ‘Br‘ ’

then the assertions of Theorem 2.11 are valid.
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CHAPTER 3 FORMULATION OF STOCHASTIC OPTIMAL
CONTROL PROBLEM AND CHARACTERIZA-
TION OF THE OPTIMAL COST

3.1 The Formulation of Expected Cost Function

Let (€2, F, P) be a probability space, where (F(t),t > 0) be a filtration satisfying the usual
conditions with respect to (w(t),t > 0), i.e., (F(¢),t > 0) is an increasing right continuous family
of completed o-subalgebras of F and (w(t),t > 0) is a martingale with respect to (F(¢),t > 0).

Denote by V be the admissible set of singular control v(-) which are progressively measurable
random processes from [0, c0) into R™, right continuous having left limits (cad-lag), nonnegative

and increasing, i.e,

v;(0) >0, wi(s)—v;i(t) >0 forevery s>t >0, Vi=1,---,n. (3.1)

Let y(t) = (y1(t),- -+, yn(t)) denote the state at time ¢ of a controlled system governed for ¢t > 0

by the following Ito’s equations

S n S
yi(s) = 2 + vils — ) + /gi(/\)d)\ + Z/aiju)dwju P (3.2)
t J=11
for i = 1,---,n, where x = (x1,---,x,) is the initial state and v = (v1, -, v,) is the control
vector, g = (g1, -, gn) is the drift vector, o = [0y;], 4,j = 1,---,n is the diffusion matrix, and
w(t) = (wi(t), -+, wy(t)) is a standard Wiener process in R™. The expected cost takes the form

S

T
Jet(v) = E{/f(yzt(s),s) exp (—/a(/\)d/\>ds

t
n T s

N Zci/exp (—/Oz(/\)d/\>dvi(3_t)}a

=1 1 1

where y,; is used in place of y to emphasize the dependence on the initial state x and time ¢,
f(-,+) is the given running cost from R™ x [0, 7] into R, ¢; > 0 is given and T is the finite horizon,

a(t) > ap > 0 is discount factor, where ag = H[l(}I% ]oz(t). The optimal cost is given by
telo,

w@gty= inf {J(v):v eV} zeR" te€][0,T]. (3.4)
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The aim is to characterize the value function u(z,t) and to obtain an optimal control, i.e., finding
0 in V such that u(x,t) = J(0). (3.5)

For each € > 0, let V¢ denote the set of all controls v € V' such that v is Lipschitz continuous with

probability one and

: 1
0< —L(t)< =
€

a.e. fort >0,i=1,---,n a.s. (3.6)
The corresponding optimal cost function 4 is given by
W (z,t) =1inf {Jp(v) 10 €V}, 2 € R", t €0, T]. (3.7)
Assume that the following conditions hold:
i, 045 are Lipschitz functions for any 4,j =1,--- ,n. (3.8)
3.2 Hamilton-Jacobi-Bellman Equation
Let A be the nonlinear parabolic operator

ou 9%u - ou
e P Y M) PUS) SICLCER U
ij=1 '

where v = u(z,t), x € R" t € [0,7]. Then for problem (3.7) an application of the dynamic

programming principle yields the Hamilton-Jacobi-Bellman equation for the value function 4°:

W, T) = 0.

(3.10)

(For any t € R, let t* = max{t,0} and ¢~ = max{—¢,0} denote the positive and negative part of
t respectively). As € — 04, we can deduce from (3.10) that the solution u of the original problem
(3.4) satisfies the variational inequality

Au < f, Vu+4¢ >0,

(Au—f)f[ (g—;Jrcz-) =0, (3.11)

=1
w(-,T) = 0 in R"x[0,T],
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1 n
where a;;(t) = 3 Z oir(t)ojr(t). We take functions a;;(t) satisfy
k=1

3 ait)Eg > ad € a>0, V6, & €R. (3.12)
ij=1 i=1

3.3 Preliminary Results On The Smoothness Of u

First, we will prove some priori estimates for the optimal cost (3.4).
Let us summarize the technical assumptions as follows:

(T is a positive constant, ¢; is nonnegative constants,
a(t) is a nonnegative continuous function on [0, 77,
feC3R" x[0,7T]), fis convex in x
and there exist constants m > 1,0 < k < K satisfying
(i) Kla* "™ — K < f(a,t) < K(1+ J2|™), (3.13)
(i) [f(z,t) = f(@', )] < K@+ [z + ]2 )]z — 2],
(iid) [f(x,t) = fla, )] < K(L+ |2|™)]t =],
(iv) 0< %(w’t) <K+ |z]7), ¢g=m-2)", i=1,---,n,

\for every x,x’, t,t.

Throughout this paper, we use K to denote a generic positive constant which may differ from line

to line. Some estimates for the optimal cost function are given in the following lemmas.

Lemma 3.1. Suppose that (3.8) and (3.13) hold. Define Vo ={v € V : Jy(v) < Jp(0)}. Clearly
we have u(z,t) = inf {Jp(v) : v € Viu}, x € R™, t € [0,T]. Moreover, there are positive constants
K, k independent of x,t such that

(

(1) Jar(v) S K(L+[z|™), Vv € Vay,
(i) E{o(T—t)} < K1+ |z|™) for any v € Vi,

T
(iid) E{/|ymt(s)|mds} < K(+|a™), Vo€V, (3.14)
t

T
() Bf / [var(s)*["ds} > Klal™ K, Vo€ Vi
t

\

Proof. Proof of item (3.14-1).

ible control vanishing everywhere, i.e. v = 0, we have
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i < ol + [ Lot 3 | [ ouOoduin o)
t t

ij=1
implying
e{lsto)"} < (el + [lgomar+ 5 8] [idusx-0|"})
t tj=1 t

where C' depends on m. In view of Theorem 2.1 we have an upper bound

s s—t
E{‘/Jij()\)dwj()\—t)‘m} =Ef| /aij(A+t)dwj(A)‘m}
t 0

T—t

<Ef| 0/ 0if(r + )y ()|} (3.15)

!

—t

< (P b) Py

oij (A + t)‘md)\}.

o

Since g and o are measurable and bounded then we have
E{lyg(s)|™} < K (1 + |2[™) (3.16)

since t, s < T < co. By the formula of the expected cost in (3.3) and by using (3.13-1) we have

S

T
1(0) = B{ [ £8(s),s)exp (= [a(an)ds} < KE(L+ 3 (5)")
t

/ (3.17)

< K(1+ |z™)

for some constant K > 0. Using (3.4), we obtain

Jot(v) < Jp(0) < K(1+ |z|™), VzeR" tel0,T],Vv € Vy.

Proof of item (3.14-ii).
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Since a(t) is bounded, and f(x,t) > —K, it is easy to see that for v € V4,

IE{ (T—t) /dvs—t

T

<E{n1 Zcz -|—/iczexp / (A)dA)dv(s—t))} (3.18)

t
< k1 dat(v) + K2
< K(1+ |z|™) for some ki1, ko, K > 0.
Proof of item (3.14-iii).

Using (3.3) and the inequality k|zt|™ — K < f(x,t), we have

s T s

T
kE{/|[yxt(s)]+|mexp<—/a(A)dA)ds}—KSE{/f(yzt(s),s) exp(—/a(A)dA)ds}
t

t t t
S th(v) S th(o)

< K1+ |z|™), Ve e R, t €[0,T], Yv € Vyy.

Therefore for some other K > 0 we obtain

m
a{ [ |ator|"as} < k(1412 (319)
t
Proof of item (3.14-iv).
It follows form (3.16) that
T S T
0 m _ <E
E / ()] " exp ( / a(N)dA )ds} < / W2u(s a0

<K@+ |zI™), VYzeR" tel0,T].

v (3.2), 4% = yur — v, v > 0, we deduce that

Y2t ()] < [yat(s)] 7] + [yae(s) — 0]
(3.21)
< lyee()]T A+ [y (s)]-
Using (3.19), (3.20) then we obtain
T
/|yact )" ds <K+ |z|™), VxeR" tel0,T], Yo & Vy. (3.22)
t
a
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Lemma 3.2. If the conditions in (3.8) and (3.13) are satisfied, then

(i) kat|™ - K <u(z,t) < K(1+]a]™),

(3.23)
(i) |u(z,t) —w(z’, )] < K1+ |2 + [/ — 2|

Proof. Proof of item (3.23-1). The upper bound of the item in Lemma 3.2(i) follows directly from

Lemma 3.1(i). For the proof of the lower bound of Lemma 3.2(i), since there is ¢ > 0 such that

S
exp < - /a(A)dA) > ¢, Vs € [t, T], we have
t

T s
> B{ [ 1)) exp (= [ ain)as}
t t

. (3.24)
kE{ /\ ﬂmd.s ~K), WweV.
t
Applying Lemma 3.1(iv) we easily obtained the result.
Proof of item (3.23-ii).
For any z, 2’ € R"t € [0,T], we obtain
lu(z, t) — u(2’,t)| < sup{ wt(v) — Jx/t(v)‘ Vo e Ve U fot}. (3.25)
But
T s
9at(0) = T < B [ 17009 5) = o)) exp (= [[a(jan)as}.
t t
Using the assumption (3.13-ii), we have
T
at(0) = Jar()] £ KE{ [ (14 )™+ aon ()™ lain(5) — () ds
t
From (3.2), we obtain |y.¢(s) — yu¢(s)| = |z — 2’|, hence
T
90) = Ton0)] < KE{ [ (14 19"+ ()| — ')} (3.26)

t

From (3.22), we also have

E lyar(s)|"ds p < K(1+ |z|™ +|2/|™), Vz,2’ € R™, t€[0,T], Yo € Vo U V.
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From this estimate, together with Holder’s inequality, we obtain

T T T
m—1 1
~1 o m
E{ / |ymt(s)|m ds} < <E{ / |y$t(s)|mds}> <E{ / 1ds}>
t t t
m=1 (3.27)
< C(K(1+1al™ +|2'|™))
< K (14 |21+ |2/,
Since z, 2’ have the same role, we also have
T
B{ [ unlo)| " ds} < KO+ ol 41, (3.28)
t
Substitute (3.27), (3.28) into (3.26) , then we proved Lemma 3.2(ii). O

Lemma 3.3. Under the conditions (3.8) and (3.13), u(x,t) is convex in = for every fized t € [0,T]

2

and 0 < %(l‘,t) < K(1+ |z|?) forq:(m—Q)"” i=1,---,n.
4

(2

Proof.
Part 1. Prove that u is convex. To show w is convex means we have to show u(6z + (1 —0)a’,t) <

Ou(z,t) + (1 — O)u(a’, t). However, because of the formula of u in (3.4), it suffices to prove
JGw—I—(l—G)x’,t(eU + (1 - 9),01) < ejxt(v) + (1 - Q)Jx’t(vl)a (3'29)

for every z, ' € R, t € [0,T], v, v € V and 0 < # < 1. Since

Yot (5,0) = 2+ v(s — ) + /g()\)d)\~|— /a()\)dw()\ .
t t
and
yurt(s,0)) =2 +0'(s —t) + /g()\)d)\—i— /a()\)dw()\ —t).
t t

Put 2 = 0z + (1 — )2’ then
ym”t(sa v + (1 - e)vl) = eyxt(sa U) + (1 - e)yx’t(sa Ul)'

Since f is convex then

f(yx”t(sa v + (1 - e)vl)a 5) = f(eyxt(sa U) + (1 - e)yx’t(sa U/)a 5)
(3.30)
< ef(yxt(sa U)a 5) + (1 - e)f(yx’t(sa Ul)’ 5)'
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From the inequality (3.30), (3.29) is proved. Since u(0z + (1 —0)2',t) < Jou 1 (1_g)ar +(Ov+ (1 —0)0")

we have for any v and v’ that
w(fr + (1 —0)a',t) < 04 (v) + (1 —0) T (V). (3.31)

Taking the infimum over v, v’ € V' we obtain the convexity of u.

2

0
Part 2. We prove the existence of the generalized derivatives B—Z(x, t) and 8_17:($’ t) as well as the
14

3

estimate

2
OS%(M)SK(HW’), g=(m-2)", i=1,--,n (3.32)
T

Let h; be a vector having the i-th component h € R and the other components 0. We will show

u(x 4+ hi,t) — 2u(z, t) + u(x — hy, t)
(3.33)
< sup{Jytn, t(v) = 2J5 ¢(v) + Jp—p, +(v) : v € V satisfying (3.40)}.

Since
u(x + hi, t) — 2u(x, t) + u(x — hi, t) = u(x + hiy t) — u(z, t) + u(z — hi, t) — u(z, t) (3.34)
then it suffices to prove
W+ ha, ) — (i, £) < sup{ o o(0) — Jae(0)}- (3.35)
By the definition of infimum, for all € there exist v such that
u(z,t) < Jpe(v°) <u(z,t) + e,

then

—u(z,t) < —Jp(v) + e

Therefore

u(x+ hi,t) —u(x,t) < Joth; t (V) = Jp it (V) + €
(3.36)
< sup{Japtn, t(v) = Jp1(v)} + €.
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Let € — 04 then we get (3.35). We have

1 A
2
fz+hi,s) —2f(z,8)+ f(z — hi, 8) = h_z/d)\/ %(z + phi, s)dpu, (3.37)
o I
and
yw:l:hi,t(s) = ywt(s) £ h;. (3'38)

By Lemma 3.1, we restrict admissible controls to those satisfying E{|ymt(s)|m} < K1+ |z|™).
Applying Hélder’s inequality we obtain E{|yzt(s)|q} < K(1 + |z]9). Using the hypothesis 0 <

2f(:v s) < K(1+4 |z]7) and (3.37), (3.38) we have

S

T
:E{ / [f Ya+niye(t),t) —2f (yxt(s)’s)+f(y(x—hi)t(5)} exp(— / a()\)d)\)}
t

t

As a result,
u(z + hiyt) — 2u(x, t) + ulz — hiy t) < K(1+ |z|9)|h?. (3.39)

Let B be any open ball in R"™ and let ¢ € C§°(R™ x R) be any test function with compact
support. Let h; be a vector having the i-th component h € R and the other components 0. Since
u(x + hy,t) — 2u(z,t) + u(z — hi,t) < K(1 4+ |2]9)h? for |h| < 1 (by (3.39)), there is a sequence
h(*) — 0, as k — oo such that, denoting g = (h(¥))~2 [u(z + hz(-k), t) —2u(z,t) + u(x — hz(-k), t)], we

have g, — @ weakly in LP(B x [0,T]) for some p with 1 < p < co. It is easy to show that

o(x,t)Q(x, t)dzdt = u(x, t)dzdt, Vo € C§P(R™ x R), supp(¢) in B x [0, 7],
8 0
0 R» 0 R»
2u 0%u
9 2 is a generalized derivative. As a result, @ is the generalized derivative 92
L
2

0
the limit of (3.39) we deduce that 8—1; < K(1 + |z|9) then (3.23-iii) is proved. The existence
L

| second order generalized derivatives can be proved as follow. For

where Q = Taking

www.manharaa.com



34

k=1,---,n, let e; denote the unit vector in the direction of the positive xj axis. For any fixed
e; +e;
1% j with 1 <14,j < n, let y be a new coordinate whose axis points in the % direction. Then
0%u 0%u 0%u  0%u
= a9 < 7+ 2) / 2. =
Ox;0x; Oy or; Ox ;

Lemma 3.4. Suppose that (3.8) and (3.13) hold. If the optimal control u(z,t) satisfies

t s

u(x,t) < E{ /f(ygt(s), s) exp < - /a(A)dA)ds

t

k . (3.40)
Fulue). O ep (- [ als)as)},
t
where y2,(s) is given by (3.2) with v =0, then
uz, ) — u(x, )] < K1+ [z[™)[t - ¥| (3.41)

t) < K(1+ |z|™).

0
for every (x,t), (2/,t') € R™ x [0, T] and some constant K. As a result, 8_1;(:6’

Moreover, we have

5 € Li(®" x [0, T1). (3.42)

Proof.

Proof of (3.41). We observe that

T—t s
th(v):E{ / f(yxt(t-l-s),t-l-s)exp<—/a(t-l—A)dA)ds
On . . 0 (3.43)
+ 2 ci 0/ exp / t-l-A)dA)dvz( )}

and
S

gA+t)d\ + /J()\ + t)dw(N).
0

Yet(s+1) =z +v(s) +

o,

Similarly, we also have

S
Y (s +1) =2 +0(s -I-/g A+t) d)\-l—/a()\-l-t')dw()\).
0 0
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Therefore

S

Yt (s + 1) — Yo (s +1)| < / lgA+ 1) — g(A+t)[dX + / oA +1) —a(A+t)|dw(N).
0 0

By the assumptions (3.8) of g and o we have
E{ [gar(t +5) = g (¢ + )|} < K]t =", (3.44)

for every s in [0, T —t], and a constant K independent of z, ¢, ¢, v. Based on the equation (3.2) and

assumptions (3.8), it follows from (3.22) that

T—t
E{ / \v(s)\mds} < K(1+ |2|™), Y(z,t) € R" x [0,T]. (3.45)
0

We will consider two cases: )
t

T—
Case 1: ¢ < t. Note that if E{ / \v(s)\mds} < K(1+ |z|™) then E{
0

!

—t
\v(s)\mds} < K(1+

o

|z|™). Hence,

u(z, t) —u(x, ') < sup{th(v) — Jpp(v) v € V satisfying (3.45)}. (3.46)
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Moreover,
t

T— s
Jot(v) = Fat(t+8),t+s) — [ a(t+N)dr)d
t(v 0/ Yar s) sexp( O/a )s

T—t

e /exp( /Sa(t+)\)d)\>dvi(s)}
0

= 0

=

T—t'

_E{ / f(yxt/(t'-l—s),t'-l—s)exp(—/a(t'-l—A)dA)ds
0

0

+i6i / exp(—/sa(t/-l-)\)d)\)dvi(s)}
i 0

0

T s
:E{ / [f(yxt(t-l-s),t-l—s) exp(—/oz(t-l—A)dA) (3.47)
0 0

— fyar(t' + 5),T' + s) exp ( - /a(t' + )\)d)\ﬂ ds

0

n T s y
D / [exp (- / at+ A ) —exp ((— / ot + A)dA ) |dvi(s) |

=10 0 0
T—t s
—E{ fyurr (' +8),t' + ) exp(—/oz(t'-l—A)dA)ds
T—t 0
-I-Zc /exp / t-l—A)dA)dv( )}
=y

For b, V' > 0, we have ae™® — a'e™ < |a||b — b'| + |a — d/|. Therefore

T— s
/ (yut(t+ ), t+s) exp( / (t-l—A)dA)
0

0

— f(Yar (' + 5),T' + ) exp ( — /a(t’ + )\)d)\ﬂ ds}
" (3.48)
< E{ / |f(yxt(t +8),t+8) — flyze (t' +8),t' + s)|ds}

-I-IE{ / ‘f(yxt(t-l-s),t-l—s)‘/s‘a(t-l-)\)—a(t'-l—)\)‘d)\ds}.
0 0
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Applying (3.13-1) and (3.13-ii) to (3.48) we have

B

!

—t s

[f(yxt(f +5),t+ s)exp < - /a(t + A)dA)

0

o

S

— f(yarr (' + ), + ) exp ( - /a(t' n )\)d)\ﬂ ds}

0 (3.49)

!

—t

SKE{ [ (1 lyar(t + 9™+ lyar (¢ 4+ )" et + 5) = yare (¢ + ) ds}

o

!

—t

+ KE{ (1 ¥yt + s)\m) ds} -],

o

On the other hand, by (3.13-1),
T—t s

E f(Yarr (' + 5),8' +3) — [ a(t +N)dx)d
{T/t Yut S S exp( O/a ) s
T—t s

Jrzcz / exp / (' + XN )dvi(s) (3.50)

T—t' s
= E{ / (klygy (¢ + )™ = K) exp ( - /a(t’ + A)dA)ds} > K|t —t).
T—t 0

We also have
t s

T— s
ci / exp / (t+ )\)d)\) — exp < - /a(t' + )\)d)\ﬂ dvi(s)}
0

0

n

z:1

L (3.51)
<E{ e / K|t —Vdvi(s)} = KE{Jo(T — ) }]¢ — |
=1 0
From (3.49), (3.50) and (3.51), we have
T
Taw) = Tao(w) < KE{[ [ (14 lyae(9)™)ds 4 o = 0)] ¢~ ]
oy (3.52)
[ @ttt I (4 5) gt +9) = g (¢ + 9l
0
The first part of (3.52) can be estimated by using (3.18) and (3.22)
T
E{ [ [t gar()™)ds +o(T — )]t ¢} < K1+ o))t~ 7. (3.53)
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Applying Holder’s inequality and using (3.44), the second part of (3.52) can be reduced to verifying

the following inequality
T—t
B [l + 9"l + ) — o+ )]s}

T—t L T—t (3'54)
< (B{ [ lwate ) as}) (B [ gate+9) — el 4 9)"ds})

0 0
< K(1+ |z|™)|t =1

g

In summary, we have
uw(m,t) —u(z,t') < K1+ 2™t -t ¢ <t (3.55)

Case 2:t' > t.

Since y%(s) corresponds to the free evolution, v = 0, then we have for K > 0,
E{Jy2: ()"} < K(1+ |a|™), s € [t, ] (3.56)

Fix ¢ > t, then apply the Ito’s formula for a function ¢(z) satisfying

‘(f‘ < K(1+ J2™) (3.57)
and
2
|%| < K(1+zl%), ¢=(m-2)", (3.58)
we have
2
ao0f(5)) = (35 os) + 5y - o) ds -
+ % odw(s —t)
Thus
p
2
E{gb(ygt(s))} = ¢(x) +E{/<% g(s)+ 2tr8—¢ JTJ>ds} (3.60)
t
It follows from (3.57) and (3.58) that
p
2{6(84(s) } < o(a) + KE{ [ (115"} ds}. (3.61)

t

www.manharaa.com



39

Due to (3.23) we can take a sequence of functions ¢"(x) twice continuously differentiable that

converges to u(z,t'). From (3.61), we have

.
E{u(u0().1) } = u(z.?) + KE{ / (1+ ()™ )ds . (3.62)
t

Therefore,

t/

u(wt) — u(et) < B{ [ o) s)exp (-

t

a(A)dA)ds

+u(yd, (1), ) exp < — a(s)ds)} —u(z, t)

Te— T

<B{ [ o) 9)ew (- [atyir)as)
t t
¢ ¢
+ (KIE{ / (1 + \ygt(s)\m>ds} + u(x, t')) exp < - /a(s)ds)
! t (3.63)
—u(x,t)

S

t/
—{ [ 1090w (- [atydr)as}
t
t/

t
¢

-|—KIE{/(1-|—\y2t(s)\m>ds} exp(—/a(s)ds)

t t
!

+u(z, t') (exp ( - /a(s)ds) - 1)

t
=1L+ 1+ I3
The term I; can be verified by the following

t s

I = E{/f(ygt(s),s) exp(—/a(A)dA)ds} < K(1+ 2™t — ). (3.64)

t t

Similarly the term I can be verified by the following

t/ t/
j KIE{/(1-|—\ygt(s)\m>ds}exp(—/a(s)ds) < K(1+ |2[™)|t —¥]. (3.65)
t

t

www.manharaa.com




40

t/
To verify the term I3, first we have to use the mean value theorem, let g(t') = exp < - / a(s)ds),
t

we have )
t

o(t) ~ 9t) = (e (= [alpds) ~1) < Kt~ 1)
t
Using (3.57), the term I3 can be verified by the following

t/

Iy = u(z, ) <exp ( - / a(s)ds) - 1) < K1+ |z[™)t — . (3.66)
Hence, t

lu(z,t) —u(x, t)| < K1+ |z|™)|t—t]|, >t (3.67)

Combining both Case 1 and Case 2, then (3.41) is proved.

Finally, we will prove that

% € L (R™ x [0, T]). (3.68)

From |u(z,t) —u(x,t + At)| < K(1+ |z|™)At (by (3.41)), by the same limitation arguments as in

Lemma 3.3, we have

T T
//qb(:v,t)P(:v,t)d:vdt = —//%u(w,t)dwdt, Vo € C3°(R™ x R), supp(¢) in B x [0, T7,
0 Rn 0 Rn
where P = % O

Taking into account the above lemmas, we have the following theorem:

Theorem 3.1. Under the assumptions (3.8), (3.13) the optimal cost u defined by (3.4) is a non-

negative continuous function such that

ou 0%u

e LX(R"x[0,T]), i,j=1,---,n, 3.69

and for some other constants 0 < k < K,
(
(i) klot™ - K < ule,t) < K(1+ [2™),

(i) fu(z,t) —u(@,t)] < K1+ 2" 4 [/ ]z — 2],

(4i7) w is convex in x for every fized t in [0,T], with (3.70)
(-:)2

0< Z% e < K(1+ |29, q=(m-2)%, i=1,---,n.
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Moreover, if u satisfies
t/

u(x,t) < E{ /f(ygt(s), s) exp < - /a(A)dA)ds
t
t

t

, (3.71)
Fulue). o (- [ als)ds)},
t
where y2,(s) is given by (3.2) with v =0 then
u(@,t) —u(z, )] < K(1+[z|™)]t -1 (3.72)

for every (z,t), («/,t') € R"® x [0,T] and some constant K.
3.4 Penalized Equation

It is difficult to investigate directly the solution of (5.7). Thus, it is natural to consider the penalized

equation, in which the coefficients are smooth.

- ouc
€ — - s n
Au +6i_21ﬂ< +Cz> f, xeR" tel0,T],

O (3.73)
u(z,T) =0,
with g € C*°(R), 8 convex, nonincreasing, and satisfy
0 if A>0,
BA) = ¢ -2A—-1 if A< -1, (3.74)

positive if A <O.

Let Vi, € > 0 denote the set of all progressively measurable random processes n(t), £(t) from [0, co[

into R™ whose components 7;(t), &(t) are nonnegative and satisfy for 1 <i<mn, t >0, s € R,

—sm(t) — () < &(0) <
Note that (n, ) belongs to V¢, then for ¢t > 0,
2 1
0<mn(t) < PR &i(t) < o (3.75)
Let
T n s
Jal0.8) = Jv) + B [ S ayexn (= [ aan)is}, (3.76)
¢ =1 t
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with
t
vis) = / ni(3)ds. (3.77)
0

3.5 Some results of the approximating functions wu,

Define

u(z,t) = inf {Jot(n,€) : (n,§) € Ve (3.78)

Lemma 3.5. If f is continuously differentiable and g is increasing on the interval [a,b], then we

have the integration by parts

b b
/f(f)dg(f)=f(b)9(b)—f(a)g(a)—/ g(t)f'(t)dt.

Proof. Consider a partition P: tg =a <t1 < ---<t, =b. Let §(P) = max {ti —ti—1}, we have:
n

i=1,...,

f: f)dg(t) = lim Y7, f(&-1)[g(t:) — g(ti—1)] for any & € [ti—1,t;]. We can write:
§(P)—0

S(P)=>_ f&-1)lg(ts) — g(ti-1)]
i=1

=Y flti-)g(ts) = g(ti)] + D [f(&i1) = F(ti)]g(ts) — g(tim1))-
i=1 i=1
Since f is uniformly continuous, we have

| Z[f(ﬁi—l) — f(tim)][g(t:) — g(tizn)]|
i—1

.....

< ) Slle {‘f(é.z—l) - f(tz—l)‘}Z[g(tz) _ g(ti—l)] (379)
. " i=1

= s n{\f(ﬁi—l) — f(tia)} x (9(b) — g(a)) — 0 as 6(P) — 0.

.....

On the other hand,

(3.80)
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Lemma 3.6. If (3.8), (3.13) are satisfied, there exist positive constants 0 < k < K, m > 1, the
optimal cost u® given by (3.78) satisfies the following:

(i) klat|™ — K < uf(z,) < K(1+ [2]™),
(i) |uc(a,t) —us(a!, 8)] < K (1 + o™ 4 /7Y |z — /],
(

i) |uf(z,t) —u(x, )] < K(1+ [z|™)|t — 1],

1
ous (-:)2 €
8—1:5’ ng] € LS (R™ x [0,T7]), u® is convez, and (3.81)

loc
2, €

8“2 (2,8) < K(1+ |2]9), withq=(m—2)*, i=1,---,n
T

 for every (z,1), (', t') e R™ x [0,T].

0<

Proof. Step 1. Proof of item (3.81-1).

Consider n = 0,£ = 0 then u® < J(0,0) < K(1 + |z|™). Obviously,

St (1, §) 2 Jor(v)

where v(t) = fg n(s)ds. By Theorem 3.1 (i), we have Jy(v) > u(z,t) > k|zT|™ — K for any v. As
a result, Jy¢(n, &) > klzT|™ — K for any (n,&) € V. The item (7) is therefore proved.

Step 2. Proof of item (3.81-ii).

Let
T—t
q={meeviir] / [o(s)|"ds} < K(1+|o|™), Y(z, ) eR" x [0.T]}.  (3.82)
0
Similar to Theorem 3.1, we have u*(z,t) = inf {Jx(n,§&)}. Hence,
(U,ﬁ)GV;t
u(z, t) —u(2’, )] < SUP{ Jut(n, &) — Jure(n, §)| Vv e Vi u V:’t}' (3.83)
Let
S = SUP{ Szt (1, ) — Jure(n, f)‘ 1Yo € Vi U V:’t}'
Thus
J$t(na é.) - Jx’t(na é.) < Sa
implies

ig‘f/*/ Joi(n,€) < dnf - Jor(n, ) + 5.

x't xt 't
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Therefore
u(z,t) —u(a',t) < 8. (3.84)

Following the same proof of of item (3.23-ii), we can prove (3.81-ii).
Step 3. Proof of item (3.81-iii).

1
Case 1: t' <t. We begin with a remark that if —sn;(t) — —ﬂ( ) < &(t) < p;

, Vs € R, then we also
have

—sm(t) — 0(s) SE() < 7, Vs € R,

[0

- 1 - -
where §;(¢) = min {ﬁi(f), ni(t), ;}- Moreover, since &(t) < &;(t), we have Jy(n,§) < Jut(n,§). On
the other hand, since f(z,t) > —K, V(z,t) € R" x [0,T] and «(t) is strictly positive, we have

—t s

exp < - /a(t + )\)d)\)dUi(S) > c;vi(T -

0

n

xt"?g ZZCz

=1

O\H

for some ¢ > 0. Moreover, the value of v;(s) in the interval [T' — ¢, T] does not matter to the value
of Jy (we can take v;(s) = v;(T —t),Vs > T — t). For this reason we can restrict the set of

admissible controls to those satisfying E{>""" ; v;(T)} < K(1+|z|™). In summary, we have we have

u(x,t) = inf{Jo (1, €) = (0, §) € Viye} where

!

—t

s~ {9 eviB{ [era} < xam

o

t
for vi(s):/ s)ds, E{sz )} < K1+ |z|™)
0

and &(#) < min{%, mlt)}, Ve, 1) € R x [0 T]}.
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It is obvious that V2, C V7.
u(z,t) — u(z,t)

<sup { <J +(v) — th/(v)> ;v € V satisfying (3. 45)}
T T

+ osup E‘t/zlg exp / d,\ ds — /Zlg eXp /Sa()\)d)\>ds‘}

eV,
(1:8) 7 7

= sup { <J t(v) — Ty (v )) v € V satisfying (3.45)}
t

+ sup E /Zf s) exp / (A)dA)ds (3.85)
=1

Ve
(m)e J

/Z& exp /s(A)d)x)—exp(—/sa()\)d)\»ds)}

t t!

< sup { <J t(v) — Jpp (v )) :v € V satisfying (3.45)}
T

+ sup E{(/i&i(s)<exp<—/sa()\)d)\> —exp<—ja(,\)d,\))ds)}.

(n.6)EVZ,, =1 4

We can estimate

|exp<—/oz()\)d)\> exp / d,\ gt/ / d)\|

o~

(3.86)
‘/ d)\‘ < K|t —1|.
Hence
T n s
E{/Zg( )<exp< /a(A)dA) —exp<—/ (A)dA))dsH
¢ =1 t t
T
_ E{ /tn(s)ds} Kt (3.87)
0
< KE{o(T)}t —t'| < K(1+ [2™)]t — ]
By the proof of Theorem 3.1,
sup { <th(v) - th/(v)> .v € V satisfying (3.45)} < K(1+ |z[™)|t — t]. (3.88)

o apply to (3.85), we have the desired conclusion for the case t' < t.
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Case 2 : t/ > t. This case can be proved similarly as in the proof of Theorem 3.1. The other claims

are proved in the same manner as in Theorem 3.1. O

Lemma 3.7. If the conditions (3.8), (3.13) hold, then for each (z,t) € R™ x [0,T], we have

u(z,t) — u(x,t) as e — 0.

Proof. Denote by y(s),y'(s) the output corresponding to control v,v’" in V', we obtain

T T—t
/\y(S) —y'(s)["ds = / [v(s) = v'(s)["ds. (3.89)
t 0

Suppose an arbitrary control v in V' is given. We define
(

(1 — kt)v(0) + k2t
oM (1) = . (3.90)
k / v(s)ds otherwise.

v(s)ds if0<t<

o
=

1
L ITx

1

We first show that v(*)(¢) is Lipschitz. Indeed, if 0 < t < :

then v(*)(t) is linear, then implies

1
Lipschitz. Otherwise, if Z <t < T then

t+h ¢
v(k)(t+h)—v(k)(t)| = k| / v(s)ds—/v(s)ds|

t—%+h -1
t+h t—5+h

= k /v(s)ds— / v(s)ds‘
t -1
t+h t—g+h

< k /v(s)ds‘—i—k‘ / v(s)ds‘
t .

< 2kv(T)h

which implies the Lipschitz of v(*¥)(t).
Since v(s) is a cad-lag process, v¥)(s) converges, for any fixed w, to v(s~) for every s, as k approaches

infinity. Moreover, except for a countable set in s, we have v(s™) = v(s). By integration by parts
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(using Lemma (3.5)), we have
T

/ exp (— / a(A)dA)dvi(s )= T/ exp (— / a(A-l—t)dA)dvi(s)
0

t t

[en]

T
= T -tesp (- / a(A+ 1)r) (3.91)
0

+ O/Ui(s)d<exp <—/a()\-|—t)d)\>>.

T—t
0
(Y

Since vi(k)(s) converges pointwise to v; (s) := v;(s7), we imply vi(k)(s) converges to v;(s) almost

everywhere. Thus
T—t t

s T— s
lim ok )( )d(exp / A+1) d)\ / v; exp / )\-I-t)d)\>>
k—o0
0

0

and
T—t T—t
khm exp( / a()\-l—t)d)\ = exp / a(A+1) d)\
0 ° (3.92)
< e (- [aOnan)u(r -1
0
where v(k)(O) =1;(0)=0
T—t
klim / exp /a A+t d)x)dv(k)( )=
0 0
T—t T—t s
(k) (k)
Jim [exp (- / oA+ 1)) o (T 1) - / o(s)d(exp (- / (+0)r))]
0 0
T—t T—t
< exp< / a()\—i-t)d)\) (T /v exp< /a (A+1) d,\ (3.93)
0 0 0
T—t T—t s
<exp< /a)\—i-td)\ /v exp /a)\-i-td)\
0 0 0
T—t s
= /exp( /a()\-i-t)d)\)dv( ).
0 0
n T s n T s
lim E Zci exp (— a(A)dA)dvz(k)(s —t)} < E{ Zci/exp <—/a()\)d)\>dvi(s —t)}.

i=1 t

o~
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Moreover,
T s T s
(k)
a{| [ 1626900 (- [aan)as— [ 165" 6. s)ew (- [aar)as]}
t t t t
! ©)(5) 1 4 [y (5)[ (v09))
< KE{ [ [l 6+ 6ol () - ol ()| as
— 0 as k — oo by using (3.89).
This fact implies
klim Jot(vF)) < Jpp(v) as n — . (3.94)
—00

Let us denote Vy = U{V* : ¢ > 0}, then the above inequality implies that the optimal cost u can

be represented by
u(z,t) =inf {Jp(v) :v € Vo}, z € R", t €[0,T]. (3.95)
For ¢ > 0, there exists n(t) with 0 < n(t) < L, Vt € [0,T] such that for v(t) = fgn(s)ds

u(z,t) < Jp(v) < u(z,t) + g

2 ) d
Let € such that — > max {L, ﬂ}, and let & = ﬂ, then (n,&) € Vi,
€ n 2n

Therefore u(z,t) — u(z,t) as e — 0. O

In summary, we have

Theorem 3.2. With the same assumptions as in Theorem 3.1, there exist positive constants 0 <
k< K, m > 1, the optimal cost u¢ given by (3.78) satisfies the following:

(1) ket = K <wf(a,t) < K(1+ |2[™),

(i) Jus(z,t) —u (@, )] < K1+ |21 + |2z — 2],

(

i) |ut(z,t) —u(z, t)| < K(1+ [z]™)]t = '],
ous 0% - . (3.96)

B M € LS (R™ x [0,T7), u is convex, and
82ue
0< By (x,t) < K(1+|2]9), withq=(m—2)", i=1,---.n
T2

o t') € R x [0, 7.
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Moreover, for each x € R", t € [0,T], u(z,t) — u(z,t) as € — 04. (3.97)
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CHAPTER 4 EXISTENCE AND UNIQUENESS OF THE OP-
TIMAL COST

4.1 Variational Formulation

Define

n

Ao= - Z (?:v 8:1,‘] Zgz 8:61' (4.1)

i,j=1 i=1

Define 7(x, \) = (A + |2|?) 7P for x € R™, where A > 0 and p > 0 are constants which can be chosen

later. Define

D
2

H={¢:o(1+|z*)"2 € L*(R")} with the norm |p|g = [p(1 + ‘:E‘Q)_%‘LQ(Rn). (4.2)

V:{weH:forizl,---,n, g_go

Zi

agO _P n
2+t e 22w (43)

where 3 ? denotes the generalized derivative. In V' we use the norm
€y
1
2 | 9y 2\-2 21
lellv = [leli+D 5, L1272 : (4.4)

— | Ox; I

=1
Note that the norms |- | and || - ||y can be defined, respectively, from the inner products

(w,2)g = /w(:v)z(:v)(l + |z|*)"Pdz, VYw,z€ H
R

and

(w,2)y = /[w(:v)z(:v) + ' (2)2'(2)](1 + |z]|*)"Pde, Vw,ze V.
Rn
It is then easy to prove that H and V are Hilbert spaces, with V' continuously and densely embedded

into H. Identifying H with its dual H' and the notation V' be the dual space of V' we have

VCH=H CcV' Forv €V and v € V, denote the value of v’ on v by < v/, v >. The norm in

V' is defined by

[v'[[yy = sup <V v>, Vo' eV
veV,|lv|ly<1
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We denote by || - || x the norm in the Hilbert space X. We call X’ the dual space of X. We denote

by L?(0,T; X) the Hilbert space of the real functions f : (0,7) — X measurable, such that
1
T 2
£ lzoron = | [ 150Nt | <oc.
0
We denote by D'(]0,T[; V) the space of linear continuous mappings from D(]0, T'[) — V, the space
of distributions on |0, T'[ with values in V. If ¢ € D(]0, T]) and f € D'(]0, T[; V), we have f(¢) € V,
d
and ¢ — f(¢) is a continuous map of D(]0, T'[) — V. We define the derivative d_J; e D'(]0, T[; V)
by
af dip
o= =-1(%).
This formula defines a continuous linear map from D(]0,T[) — V. Hence

af _ :
2 €10, TLY).

T
f(g) = / F(p(t)t, (4.5)
0

where the integral is the Lebesgue integral with values in V and ¢ — f(¢) is a continuous map

of D(]0, T[) — V. In this manner, we define f € D’'(]0,T[; V) and a linear map f — f of

L*(0,T;V) — D'(]0,T[; V)

~ d,
which is a linear continuous injection. Hence, we identify f with f and we have d_J; e D'(J0,T[; V).
a _
—eD(]0,T|; V).
Y D0, T V)
We then introduce the space
2 daf _ o /
Z = fIf € L0, T:V): 5 € L0, T:V)) 1 (4.6)
equipped with the norm
1
T df 9 2
iz = [ <||f||2v +|% ) a) (4.7
V/
0
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It is proved in [61] that all functions f € Z are, with eventual modification on a set of measure

zero, continuous from [0,7] — H. Abbreviating, we shall denote by Z C C([0,T]; H) the space of

continuous functions from [0,7] — H. For any y € R", define B(y Z B (y; + ¢;). Define
=1
- ou ov
b(t;u,v) = / [ Z a;;(t) (8—(1,‘)) (8—($) — 2px;(1 + \x‘Q)—lv(:v))
e b=l i *

(4.8)
—Zgz (@) vlo) + LBV @)(e) + aOu(u(@)] (1 + Jaf) P,

For any a = a(t) > 0 and F € L?(0,T; V") then we say that u € Z is a weak solution of

—% + Agu + B(Vu) +au = F,

U(', T) =0,

if and only if for every v € V we have

—< W us b btun),0) = < Fus, ac 1€, T]

u(-,T) =0,
where < -, - > denotes the duality bracket. One should remark that an element u on L?(0,T; V)
such that u; belongs to L2(0,7; V"), then u can be regarded as a continuous function from [0, 7]
into V. This makes clear the meaning of the boundary condition at ¢ = 7. To obtain the desired

result, we need some auxiliary lemmas.
4.2 Auxiliary Lemmas

Lemma 4.1. Suppose that (3.13) and (3.12) hold. Let &y = H[la)jg]a( ), there exists a large enough
telo

a > ag such that for every h € L?(0,T; V") there ewists a unique weak solution u € Z to the

equation
_du + Agu + B(Vu)+au—h
e 0 (4.9)
u(-,T)=0.
Proof.

Proof of Uniqueness.
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1
We consider Aju = Agu + EB(Vu) + au. We have

< Ay, v >= / [ i as; (1) (%(@) (5—;(@ —opa(1 4+ \:B\Q)_lv(:v)>

R W (4.10)

_ Zgi(t) (35 (:v)) v(z) + %B(Vu)(:v)v(:v) + au(z)v(z) |(1 + |z|?) Pd.
i=1 ¢

Since a;;(t), gi(t) are continuous and bounded functions, and a;; satisfies the ellipticity, then we

obtain from the Cauchy-Schwarz inequality that
< Apu — Agv,u — v >> ky Z Uy — Vay [T — hoalu — v|%

for some positive k1, ko. Since B is Lipschitz, applying Cauchy-Schwarz inequality once again, we

can obtain that

1 1 k1
< EB(VU) - EB(V’U),U— v >> 3 Z [Ug, — v, |3 — kslu — v|%

for some k3 > 0. Let & > ko + k3 + k1/2 we have
kl 2
< Aju— Av,u—v >> ?Hu —0l|{. (4.11)

The uniqueness of the solution follows straightforward from the above coercive property.

Proof of Existence.

Since V is a separable Hilbert space, there exists a countable basic w1, we, -+ , Wy, - -+ of V in the
following sense:

Ym, w1, -, Wy, are linearly independent and the linear combinations Z §jwj, & € R, are dense

finite
in V. We seek an approximate solution

U (t) = Zgim(t)wia
i=1

where the g;,(t) being solutions of the following system of differential equations:

d
- <%,wi> + b(t; um, wi) =< hyw; >, 1 <1i<m,

(4.12)
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Since b(t; u,v) is linear with respect to v, we can multiply equations (4.12) by g;n(t) and add up

to have

_ <%um<t>, um(t)> +0(t; U (1), 1 (1)) =< h(t), um(t) >,

that is,

() B (1) (1)) = (), (1) >,

so that by integrating between 0 and 7" and applying (4.11) with u replaced by w,, and v replaced

by 0 we obtain

T T
(O + B / lum(®I2dt < 2 / | < ht), um(t) > |dt
0 0
T
< 2 / 1A vl () vt
0
k ’ 2 r
< b / (82t + = / 1(6)[[3dt.
2 k1
0 0
From this we can deduce the estimate
T T
Jlun®lfde < c | [ 1] (4.13)
0 0

for some positive constant C. Therefore u,, ranges in a bounded set in L?(0,T; V), by the Banach

- Alaoglu theorem, we may extract a subsequence u,, such that
u,, — u weakly in L?(0,T;V). (4.14)

Let j be fixed but arbitrary and let g > j. Then (4.12) is valid with m = u. Multiply both sides of

(4.12) by @(t) where
o(t) € C10,T], ¢(0) =0, (4.15)

and integrate over (0,7T). Setting ¢;(t) = p(t)w;, we have

T

T
(< uu(t), @5(t) > + b(t; upu(t), y(t))]dt = / < h,pi(t) > dt + <wopu,i(0)>.  (4.16)
0
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We can then proceed to the limit as y — oco. This gives
T T

/[< u, 9 > + bt u, j)]dt = / <h,pj>dt + <wuo,p;(0)>. (4.17)
0 0
But the above is true for any ¢ satisfying (4.15). Therefore, we may take ¢ € D(]0,T) and hence

(4.17) gives

—% <u(t), w; >+ b(t; u(t), w;) =< h(t), w; > (4.18)

where the derivative is taken in D’(]0,T[). But in (4.18) j is arbitrary and since finite linear

combinations of w; are dense in V', we deduce

—% + Aogu + %B(Vu) +au = h. (4.19)
Therefore,
du 1 _ 2 /
g = Agu + EB(Vu) +au—he L*0,T; V"),

and hence u € Z. Moreover, it follows from (4.13) that

dul|? r
u
1% <c | [l )
L2(0.T3V7) )
O
For any A >0, ¢ >0, f: R" x [0,7] — R, define
1fllag = [f (2, ) (A4 |2*) 79 Loo rrx[o,7))- (4.20)

For any ¢ > 0, let Z; be the set of all continuous functions f : R™ x [0,7] — R such that
flz, )(1 + |2[*)™7 — 0 as |z| — oo uniformly in ¢. Let ¢ be a mollification kernel, i.e., ¢ €

C*®(R™), ¢(x) > 0 for all x € R", ¢ =0 for || > 1, and /(p(:v)d:v =1.Foreach k =1,2,---,

Rn
and z € R", define

Rty - @0 <k e

0 otherwise,

and

fule.t) = / K o(k(z — ) Fi(y, )dy. (4.22)
J
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Lemma 4.2. Suppose ¢ >0 and p > 5 + 2q and given any function f € Z,, then
i) f € L*(0,T; V") and
i) if fr € Zg, for k =1,2,---, and for some X > 0 we have ||fx — f|lng — 0 as k — oo, then

fr — f in L2(0,T; V") as k — oo where fy, is defined by (4.22).

Proof. i) Let f € Z; with p > g + 2q, there exists C' > 0 such that |f(z,t)] < C(1 + |z|?)?. We

will show that / (f(z, t)(1+ \:B\Q)_g)Qd:v is bounded uniformly in t. We have
Rn

[ (s )82 < € [0+ oty
R»

R

Moreover, by calculation we obtain

o
/ O+ [22) PPdr = / ( / (A+\x\2)—1’+24ds> dr
0 OB(zo,r)

Rn

o0
= na(n)/ ()\-I-\T\Q)_p"'Qq-r"_ldr
OOO
< na(n)/ p2pdatn=l g,
0
where na(n) is surface area of unit sphere 9B(0,1) in R™. Denote a = p — 2¢ — 5 then

o0 o0
/ p2ptAatn=l g, — / 772971 for @ > 0. This integral converges. Therefore f € L?(0,T; H) C
0 0

L2(0,T;V").

ii) Let p € V, p > g + 2q then for each ¢t € [0,T], by using Cauchy-Schwarz inequality and the
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above result, we have

[erthe=n-@lalyras| < [lol 1= 11 0+ o) 7o

n

Rn
- / ol (L4 275 - [fe = - (1 + |of2)~3de
Rn

= (R[ & (4 faf) ) <R[ [fi = f12- (14 \x\?)‘pd‘”><%423>

N[

<|lellv - </ Ife — fI2- A+ |z))72 - (1 + \:v\Q)_P“qd:v)
Rn

= 1fx = Flrg - el - / (14 [2?)7*21da

Rn
= K| fx — fllrag - lellv-

From inequality (4.23) we have |fi — flv/ < K|| fi — fl|,q uniformly in ¢ for some constants K > 0.

O

Lemma 4.3. Let ¢ >0, f € Zy, fr,k=1,2,---, be defined by (4.22), then we have

i) fr € C(R" x R) for k=1,2,--,

ii) For every v € R™t € [0,T], klgglo fe(z,t) = f(x,t), the convergence being uniform on any
compact set,

iii) For every constant X > 0, || fx — fllxq — 0 as k — oo,

iv) For every constant A > 0, klim I frllng = [1flIxq-
—00

Proof. i) Continuity of f; follows from the continuity of . Differentiation can be carried under
the integral sign, so that the differentiability can be carried under the integral sign, so that the
differentiability properties of f; follow from those of (. Since the support of Fj is contained in a

compact subset of R” x R, then we have f;, € C5°(R™ x R). ii)

il t) — f(a )] < / K o(k(x — )| Fi(y,t) — Fu(a, 0)ldy
in (4.24)

< sup ‘Fk(yat)_Fk(l"at)‘
ly—zll<e

ero with ¢ at each continuous point (z,t), the convergence to zero
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being uniform for any compact set of continuity points, then ii) follows. iii) The proof of iii) is

similar to ii). iv) Once iii) has been proved then iv) follows immediately. O

Lemma 4.4. Fori= 1,2, let F; € Z;, ¢ > 0, and u; € C*'(R" x [0,T]) N Z,. Let € and o* be

positive constants. For i = 1,2, then let u; be the weak solutions of

ou 1
——— + Aou; + —B(Vu;) + o*u; = F;
gy Ao+ BV (4.25)
u,-(-, T) =0.
Then for every n with 0 < n < o there is a Ag > 0 such that for A > A,
(@ =n)flur = u2llrg < [F1 = Fallxg
where Ao depends on n, the coefficients of Ao, q, €, the Lipschitz constant of B, and 7.
Proof. From (4.25) we have
1 . Ou;  Ou
Ao(ur = ua) + —(B(Vun) = B(Vuz)) + 0" (ur —uz) = Fy = Fa + 8—; — 8—; (4.26)
implies
Ao(up —ug) = —n(u —ug) + € H(B(Vug) — B(Vuy))
4.27)
ou ou (
+ M-I (a —n)(ul—ug)Jra—t1 _8—752

Set W(x,t) = u; — ug, w(z,t) = W(z,t)r(z, ) then w(x,t) — 0 as |z| — +oo uniformly in t.
Suppose w(x,t) # 0 and w(x,t) > 0 for some z € R", t € [0,7T]. If w(x,t) < 0 then consider

w(x,t) = ug — uy1. Then there exists (xg, tg) such that

o) = a ) > 0. 4.28
w(l‘o 0) (:lto,to)IgRi(X[O,T]w(x ) ( )

Note that uy(z,T) = ug(z,T) = 0 then W(z,T) = 0.
By calculation we obtain

[tr(co*Vm(x, \)Vr(z, \)")]
m(z, \)

Aom(z, N) +

=(z, \)(x, \) (4.29)
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with sup,|0(x, \)| — 0 as A — oco. Since [ is a non increasing, Lipschitz function, then we have

n

B(Vug) — B(Vur) = [B(uga; + ¢i) — Blura, + ¢i)]

i=1
- 4.30
=330 (uzs, — sz,) (where || < 1) (4.30)
i=1
= v (Vuz — Vuy) for some ~ depending on z, t.
By (4.28), we have Vw(xo, tg) = 0. Therefore
VW(:L‘(), to)?T(:l)o, )\) = —W(:L‘o, to)V?T(:L‘o, )\) (4.31)
Hence
VW(:L‘(), to) = —W(:L‘o, to)V?T(:L‘o, )\)/7‘(‘(1}0, )\) (4.32)
Since V7 (zg, \)/m(z0, A) — 0 as A — oo, we obtain
B(VUQ(:L‘(), to)) — B(Vul (:L‘o, to)) = W(:L‘o, to)g(l‘, t, )\) (4.33)
where sup \S(x, t,A\)| — 0 as A — oo. Also,
(z,t)ER™%[0,T]
Aow(zo, to) = AoW (o, to)m (20, A) + W (o, to) Ao (20, A)
(4.34)

—tr(oo* VW (zg, to) V7 (z, N)).
Applying to the first term in the right hand side of (4.34) equality (4.27), and then applying (4.33),

(4.29), (4.32) we have
Aow(zo, to) = (—nW (20, to) + € "W (20, t0)d (20, to, A))m (0, \)
+ W (o, to) Agm (o, A) — (o — n)(us — ug) + (Fy — Fy) + %—f(xo, to)
— tr[oo™ (=Y (0, A))W (0, to) Vr (20, A)] /7 (20, A) (4.35)
= W (w0, to)m (w0, A) (=1 + € L8 (20, to, A) + 3(0, \))

0
+F—F— (o' —n)(u; —uz) + 8—1:(:@,750).

5 0
Choose A such that —n + e~ 16(zq, tg, \) + d(x9, A) < 0. Since Agw(zg,ty) > 0 and 8—1:(:@, to) <0

then we have

(F1 — Fy)(wo,t0) > (a* —n)(ur(zo, to) — ua(wo, to))
(4.36)

= sup (uq(z, t) — ug(x,t)).
(z,t)ER™X[0,T]
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Since u1, us have the same role, then we have

(Fo — Fi) (20, ) = (@ —n)  sup  (ua(z,t) —u(z,1)) (4.37)
(z,t) ER™X[0,T]
if F; — F» attains its maximum at z(, t(. From (4.36), (4.37), the desired result follows. O
Denote

e C%1(Q) is the set of bounded continuous functions u(z,t), (x,t) € Q, such that their deriva-

tives g, Uys, Uy are bounded and continuous in Q).

o CH#2(Q) is the Banach space of function u(z,t) bounded Holder continuous with exponent

win x and p/2 in t, where p € (0,1). In other words,

‘ ‘(.u‘) - < 00.

t) —u(z', t ) — v
U’Q ‘= max "U/(:L‘ t)‘—{— sup "U/(:L‘, ) ’ul’(wa )‘ + sup |'U/(IL', ) /’U/g;l,‘, )|
(=t)eQ @0 e |z =l @i wmneq |t

o CZHm141/2((Q) is the space of u(x, t) bounded continuous together with 1, 1y, s, and having
the following finite norm:
|u |(2+M = (max |u(z, t) |+Z m;:mx |ug, (z,t)] + |ut\ + Z |uxl%|
i,j=1
If u(z,t) belongs to C*H/2(Q) (reps. C2Hm1+1/2(Q)) for any bounded cylinder, we say that u(z, t)

belongs to C“*/2(R™ x [0, T]) (reps. C2TH1#/2(Rn « [0, TY)).

loc loc

Lemma 4.5. Lete > 0, p > 0 with p > g + 2q then there exists A1 > 0 such that for A > Ay, if

f € Z; and if u is the unique weak solution in L?(0,T;V) guaranteed by Lemma 4.1 and Lemma

4.2 to
ou
o + Agu + B(Vu) +au = f,
u(-,T)=0

then %Hu”)\,q <||fllrq- Moreover, if f € Ci” “/Q(R" x [0,T]) then u € 02+“’1+“/2(R" x [0,T7).

loc loc

Proof. Let fi,k =1,2,--- be defined as in Lemma 4.2. Since fi is smooth, by Ladyzhenskaya et

I

0 1
there is a solution u; to —8—:: + Agur, + —B(Vuy) + aug = fx
€
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belonging to C2+#1414/2(R" x [0, T7]) for any u € (0,1). Hence uy, € L?(0,T; V). By Lemma 4.1, uy
is unique in L?(0,T;V). Moreover, uy € Z,. Apply Lemma 4.4 with o* = &, Fy = fi, Fo = 0. We

have

a
5 lukllrng < 1 fellxg: (4.38)

By Lemma 4.3(iii), we have ||fx — f|]lnq4 — 0 as K — oo. Then by Lemma 4.2(ii), fr — f in
L?(0,T;V"). By the continuity part of the statement of Lemma 4.1, u, — u in L?(0,T; V') which
implies that there is a subsequence of {uy} converges almost every where to u in L?(0,7; V). Using
Lemma 4.3(iv), taking k& — oo in (4.38) for this subsequence , we have %||u||>\7q < || flIx,q- Recall
that {fi} are uniformly bounded on each compact set by Lemma 4.2. Moreover, if on a bounded
cylinder Q, f is Holder continuous with exponent j, we can also show that | fx|“) (Q) are uniformly
bounded. This fact can be proved similarly to Lemma 4.2 (see Agmon [1, Theorems 1.5, 1.7 and
1.8] for the idea of the proof). By arguments in the proof of Ladyzhenskaya et al. [58, Theorem 8.1,
Chapter V] and the results in [58, Chapter V| (mostly in the formulation of Theorems 5.4 and 6.1),
we claim that |uk|(Qz+“ ) < ¢(Q) which does not depend on k. Employing a usual diagonal process,
we can extract from uy a subsequence that converges together with the derivatives wg,, ug,, and
ug, at each point of R™ x [0,7] to some function @ and its corresponding derivatives. Since uy,
converges to u in L2(0,7T,V), we must have & = u. Clearly we have |u|(Qz+“) < ¢(Q). As a result,

w e CEITHIZ (R o 0, T7). O

loc

4.3 The Regularity Of The Solution

Theorem 4.1. Let € > 0 and let a(t) > 0 be the discount factor. Let f satisfies (3.13). Then
the penalty equation (3.73) has a weak solution u¢ € Z,. This weak solution is unique among all
continuous functions of at most polynomial growth (i.e., function in Zy for some ¢' > 0). Moreover,

ut € 02+“’1+“/2(R" x [0, T]) for every p € (0,1).

loc

n m
Proof. Suppose that p > 5 + 2q, and ¢’ with ) < ¢ < q. Note that f € Z,. For any u € Z,
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define U = T'yu be the weak solution of

ou 1
B + AU + EB(VU) +aU = (a—a(t)u+ f,
U,T)=0

guaranteed by Lemma 4.1 and Lemma 4.2. For uy and up in Zy, let Uy = Tyuq and Us = Tyug. Let
Fy = (a—a(t))ur+f and Fy = (a@—a(t))us+f, where @a—a(t) > 0, Vt € [0,T]. By Lemma 4.5, there
is A > 0 such that ||U;||x4,% = 1,2 are finite. As a direct consequence, U;(z,t)(1 + 22)™7 — 0 as
& — oo uniformly in t. Moreover, the continuity of U; are guaranteed by [58, Theorem 1.1, Chapter

V]. Hence, U; € Z, for i = 1,2. Applying Lemma 4.4, for 0 < n < ag, where ap = min «(t), there

te[0,T]
is Ao sufficiently large such that
(@=n)Ur = Ualxg.g < [[F1 = Fallaoq
= [[(a@ = a(t)(u1 — u2)llreq (4.39)
< (@ — ao)[[(u1 = u2)llreq-
Note that (4.39) shows that T is a contraction map in || - ||x,,q norm with contraction constant

(& — ag)(@ —n)~! < 1. By the last statement of Lemma 4.5, A\g can be chosen to be the same for
all m/2 < ¢’ < q. It is also noted that although in Lemma 4.4 we require solutions U; and U; to
belongs to C%1(R™ x [0, T), we claim that (4.39) holds for any Uy, Uz € Z, by limitation arguments
as in Lemma, 4.5. These arguments will also be used again in the following part of this proof. Since
any weak solution of (3.73) in some Z, space is a fixed point of T, this proves the uniqueness part
of the theorem. Suppose that p =n+m, ¢ < % —I—% and we have Z,, C Z, for 0 < r < s. Now we will
prove that T is a contraction map from Z; into Z,. Assume ui, us € Z,, we will prove that (4.39)
still hold. By using Lemma 4.3, there exist sequences {u1 r}32,, {u2x}ze, in Cg°(R™ x R) which
converge in || - ||z, norm to u; and ug respectively. Since (& — a(t))u;r + f — (@ — a(t))u; + f for
i=1,21in | - ||ay,q norm as k — oo, by Lemma 4.2 this convergence also in L?(0,T; V'). Therefore
by Lemma 4.1, Tju; , — Tyu; in L?(0,T; V), so there exist a subsequence of {T'u; \}32, converges

almost every where to T'ru;, then

a — Qg
| Lpus = Trualrg,q < ﬁll(m —u2)|[rg,gs VU1, uz € Zy. (4.40)
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Note that v € Z; if and only if |Jux,,q — 0 as Ag — oo. Hence, the above estimate shows that
Truy — Trug € Z,. Similarly, we can show Tru; € Z, for ¢ = 1,2. Let u be the unique fixed point

of Ty in Z;, then u is a weak solution of (3.73). Since u € Z is the solution to

ou
5 + AgU + B(VU) +aoU = (o — a(t))u + f,
U(,T)=0.

By [58, Theorems 1.1, Chapter 5] in Ladyzhenskaya et al., we have u € C’“ o/ 2(]R" x [0,T7]) for some

€ (0,1). Applying the last statement of Lemma 4.5, we claim that u € 02+“’1+“/2(R" x [0,TY).

loc

Since f(x, t) is differentiable, we can apply Lemma 4.5 again to show that u € C’l2 Ot“ Atn/2 (R™x[0,T7)

for any p € (0,1). 0

Theorem 4.2. Suppose that the condition (3.13) holds. Then the optimal cost u® given by (3.78)
is the unique solution among continuous functions with at most polynomial growth to the Hamilton

Jacobi Bellman equation (3.73). Moreover, for every u € (0,1),uc € 02+“’1+“/2(R" x [0,T7]).

S

Proof. Suppose u€ is the solution of (3.73). Let h(s) = exp <— / a(A)dA). Applying Ito’s formula

t
to u(yxzt($), s)h(s) we have

T
B (), TOUT) = B{u (e (0,6)+ [ (= Au)(goe(s), )h(5)ds
t

T

[Vl shns)ds})

t
Since u(yx(T"),T) = 0 and yz(t) = x then

n T ¢
_ /Au e ()ds}—ZE{/ni(t)gzi(ym(s),s)h(s)ds}

i=1

Note that
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then

1 _ ouf ous

——B(5— (Yt (), 8) +ci) — ni(S)a—%(yagt(S)a s) < &i(s) + cimi(s).

Thus

T n T T
u(z, t) gE{ / F(a(s), s)h(s)ds + > / cih(s)ds + / Si(s)h(s)ds}
t t

= (4.41)
= Jut(n, §).-
Now define feedback control (y) = (1(y), -+, Mn(y)) and £(y) = (&1(y),- -+, &a(y)) by
i) = =18 (Gtia(s).5) 41 o
&) =2 () 9) + ) (Gl ) = 26 (o)) bei)

where y,¢(s) is the solution to

d(Gat(s)) = (9 + N (Yai(s)))ds + odw(s — 1), s>,
gwt(o) = Z.

Define 7;(s) = Mi(92¢(s)) and &(s) = & (Ga¢(s)). It is easy to check that (7(¢), £(t)) € V.. Moreover,

we have

<i105) (G t(9):9)) = £ (G tia(s)5) 4 1) =(6) + i)

which implies that the equality in (4.41) holds for this control. As a result,
u (@, t) = Tt (3, €)
for this control. It completes the proof. O

Theorem 4.3. Let the assumptions hold as in Theorem 3.1. Fix p with n < p < co. Let Q C R"

be an open ball. Denote @ := 2 x [0, T, there exists a sequence {e}32, with e, — 04 as k — oo

such that for 1 <i,5<mn

u _
uniformly on Q,

_)

o IP
— Jeide,; weakly in LP(Q) as k — oo
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and
0 0
% — 8—1: weakly in LP(Q) as k — oo.
0
Proof. By the proof of Theorem 3.2, there exists a K; > 0 such that |u.| < Kj, ;e’“ <
Zi
32u€k Uey, .o . 21 . . .
1, < K, < Ky, on Q for 1 < i,5 < n. Since W="P(Q) is reflexive, there is a
8:vi8:vj ot

sequence {eg }72; with ¢, — 0 as k — oo such that u, converges weakly in W*!2(Q). By Theorem
3.2, we have u., — u pointwise and the weak limits are unique, u,, — u weakly in W>LP(Q).

Since p > n, then using Rellich-Kondrachov Theorem the embedding map W21?(Q) — C*°(Q) is

ou u ~
%k — uniformly on Q as k — oc. O

compact. Therefore u., — u and
ox; ox;
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CHAPTER 5 REGULARITY OF THE FREE BOUNDARY

Theorem 5.1. Let the assumptions of Theorem 3.1 be satisfied. Then for i =1,---,n there exists

0
a real valued function ;(x1,- -+, i1, Tit1, - , Tp,t) = inf {:v, : %(w, t)+ ¢ > O} such that
i

ou )
%(l‘,t)‘{'czzo Zf Z; Swz(l‘la sy Lj—1, Lj41y " ,:L'n,t) (51)
T
and
ou )
%(%t) +ci >0 if x> i(xn,, Tim1, T, 0, Ty t) (5.2)
1

for each (z,t) = (z1, -, xn,t) € R™ x [0, T].

Proof. From (3.73) we have

=L (0 ) <o

Letting € — 0, we get Au < f. We also have

iﬂ(% + ci> = —€(Au® — f).
i=1 t

Letting € — 0, we get

Zﬂ(— + cz) hmZﬂ(

) = lim(—e(Au— f)) = 0.

. ou . . ou . .
From the definition of 3, we have +¢; > 0. Since u is convex , — is nondecreasing in x;, hence if

ailii - ’ 8:1)1
iy <Y1, Tis1, Tig1, 0 Ty ) ; =0 and if o, > (21, -, 21, Tig1, -, Ty )
the ; > 0. O
Definition 5.2. For any i withi=1,---,n, define
n 8
wi ={(z,t) e R" x [0, T]: =—(z,t) + ¢; > 0 for all j # i} (5.3)
T
and
X [O;T] : $z:¢z($1, s Lj—1, Lj41y " axnat)}- (54)
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The free boundary is o1 M-, \ (1 N -+ N y). Then we will show F; is regular for each
i =1,---,n. The others free boundary points are corner points. By symmetry, it clearly suffices
to study the regularity of F,. The results will be done in the following. First, we will consider the
bilinear form a(t; u, v) associate with operator A define by (1.8)
_ B - (?u ov
a(t;u,v) = Q/ { ”2_1 (?:v 8% ;gz u +alt )uv}d:v, (5.5)

Lemma 5.1. Let a(t;u,v) be defined by (5.5). Then a(t;u,v) is coercive on Hg(Q).

Proof. For u € H}(Q), we have

and
(?u ou = ou 9
a(t; u, u) / aw Oxia—:vj - EQz(t)a—%u—i—a(t)u }d:v. (5.6)
Q =

n
Since «(t) > 0 and the ellipticity Z a;j(t)&&; > M€|?, we have a(t; u, u) > Ao /(\VU\Q + u?)dx
ij=1 o
(Ao > 0) which implies a(¢; u, v) is coercive. O

Recall the problem in which we are interested in as follow: we seek a function u, in a suitable space,

such that
Au < f, Vu+c >0,
n 5.7
(Au—f)]:[(au ) =0in@, u(-,7T) =0, zeQ. (5.7)
i=1 Oz
We say that u is a strong solution of an evolutionary variational inequality if it satisfy
2 1 du 2 2
u € L°(0, T H (Q), 5 € L7(0,T; L)), (5.8)
(ug, v —u) +a(t;u,v—u) > (f,v—u) forae. te (0,T),
(5.9)
Yo € HY(Q) such that v(z) > 0 a.e in Q,
u(z,t) >0ae in@, u(-,T) =0, €. (5.10)
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If we introduce the convex set
Kt)={ve H(Q):v>0a.e. in Q}, (5.11)

then we can reformulate (5.9), (5.10) as follow:

u € K(t),
(5.12)
(ug,v —u) +a(t;u,v—u) > (F,v—u) forae. te (0,T) Yve K(t), a.e. int,

(v,u) = /vud:v.

Q
Theorem 5.2. Let the assumptions of Theorem 3.1 be satisfied. Let Q be the open ball with Q x

where

[0,T] :=Q C ¢n. Then w = Ou/dx, + c, is a local solution of (5.12) with K given by (5.11) and
F=0f/0x, + a(t)cy,

Proof. Let {e;}72, be the sequence in Theorem 4.3 and let uj = u. Since u € 012 oif“ A/ 2(R” X

0
[0,7T]) (by Theorem 4.1) then Bu is continuous for ¢ = 1, - - - , n. Since Y 4¢; >0fori=1,....,.n—1
i Xg
0 0 -
Y, 2 on () uniformly, then we can assume that LA, ¢ >0fori=1,...,n—1 and
k € N large enough on Q. Hence /3 (8uk + ci) =0onQforallkeN, 1<i<n-—1.As a result,

[

and

uy, satisfies

Aug + iﬂ (% + cn) =f (1)eqQ. (5.13)

Fix § € (0,1), by Theorem 4.1, u € C?t%149/2(Q) and

f- —ﬂ (3“’“ ) € CHH2(Q)

L,

then by Theorem 11, page 74 [37] then uj € C3+91%9/2(Q) (that is D3uy, D,Dyuy exist and are

Holder continuous (exponent d). Differentiating (5.13) then we have

A%u —ﬂ (au’“ c ) Pue _ Of (z,t) € Q. (5.14)

oz, T orZz  Oxy,

0
Defining wy = 8—uk +¢p for k=1,2,--- then for v € K(t)
Tn

Oy v— wk> = <— + a(t)ep, v — wk>. (5.15)

]' /
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We have
Awy, = (wgt, v — wg) + alt; wg, v — wy)
1 0%y,
d el
an o B (wp) 92
32 (-:)2
oi2 > 0 implies —ﬂ’(wk) 3::;25

positive. Thus

(v—wg) =0ifwg > v > 0since F(y) =0at y > 0. If wy, < v implies 3’ (wg) <0,

but

(v —wyg) < 0. Consequently, the second term of (5.15) is non

(1, (0 — wi)) - alts w0 —0) > (214 aft)en, v —wi).

Since
aw ow Bwk Oowy,
/ Z]_ @53 (1) 5y B, @ < jmin / Zj_ i) s B, O

All the other terms of a(t; wg, v — wg) converges to their expected limit and (wg, (v — wy)) also

converge to (wy, (v — wg)). Therefore we have

(we, (v —w)) + a(t;w,v—w) > <§—;;+a( )cn,v—w>.

Note that w > 0 a.e in @ because of (5.7). O

ou
Theorem 5.3. Let the assumptions of Theorem 3.1 hold. Then w = e +c, € WAL(Q) and
Tn

w satisfy
Aw>F, w>0, (Aw—F)w=0 a.e inQ (5.16)

Proof. Let Q = Q x [to,t1] C Qp := B x (t,t}) C Qp := B x [t{,t}] C ¢, By Theorem 8.2, [38]
0
w € WALP(Qp) for every p with 1 < p < oo implies w, a_w are Holder continuous. Construct
i

v € C5°(@Qp) such that 0 < <1 on @p, and v =1 on Q. Compute

- 0%y ow Oy - oy oy
A =vyAw — i —— + 2q; i — —w.
(wy) = yAw =) {a J(t)waxiaxj +2ai5 3%} ;g (t) o " o

ij=1

Hence Aw~y > F*, wy > 0, (Awy — F*)wy = 0, with

0%y ow Oy - oy oy
== Z {aw 8:1)181,‘] +2a (9:6z 8:1,‘] } ;gi(t) axiw B Ew

1,j=1
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Let

We can rewrite

0

and (Awy — F)wy = 0 a.e. with F = F* + Zgi(t) (61;)7) — a(t)wy Since w ow are Holder
i=1 ‘

’ 833@
continuous, so is F. Hence, using Theorem 8.4, [38] implies wy € VVlzo’cl’oo(QB) then w € W21.2(Q)

since w = w7y on . O

5.1 The Strong Maximum Principle

0
/ +a(t)e; and V / never vanish simultaneously, then —f—l—a(t)cn <0

Theorem 5.4. Suppose 0z, o Oxy,

on F,.

Proof. Since w € VVlzocloo

(@), implies w and w,, are continuous. Denote by A = {(z,t) € @ :
w(x,t) = 0} the coincidence set of w and I' the free boundary, where I' = A N Q. If there exist
(zo,to) € T such that F(xzg,t9) > 0 then Aw(zg,t9) > 0 and w(zg,typ) = 0 by Theorem 5.3.
Therefore we have in the neighborhood of (xg,ty), Aw(x,t) > 0 and w(x,t) > 0. By the strong
maximum principle, we have w(z,t) on the neighborhood of (xg,ty), implies (xg,ty) & T'. As a
result, F'(z,t) > 0on I

Now we prove that F(zg,%p) > 0 on I'. With out loss of generality we assume that (a;;) is the

identity matrix since we can make a change of variable if it is necessary. If F(xg,tg) = 0 for
oF

xg € T then VF(xg,ty) # 0. Suppose that o = 0 and that S 0, Vi =1,---,n—1,
Zi

oF

Er > 0 (We can translate and rotate the coordinate if necessary to guarantee our assumption).
L,

Since we have F(x,t) > 0 if  near xy and x,, > 0 then there exist R such that F'(z,t) > 0 in

[Ky+ N B(xo, R)] % [to, t1]. Therefore, Aw > 0 in [Ky« N B(xo, R)] x [to, t1], where Ky« = {z : 2, >

0,cos (z,/|z|) < ¥*}. Since w > 0 then applying the strong maximum principle, we have w > 0

in [Ky« N B(xg, R)] x [to,t1). Fix €, 1 < XA < 2 such that A+ € < 2, r = |z|. By [89, Lemma 4.7], we
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have
0
20 Ate 9 (20 Ate
A= 20O +1) < = (=120 0) +177)
= (t1 = t)r(fa(0) +7) (5.17)
Since %(O,to) =0, Vi=1,---,n—1, gTF(O,tO) > 0 for x near 0 and z,, > 0 then we have

F(x) > axyp, — 6(|x1]| + - - + |2n]) where 6 — 0 as |z] — 0. If z € K- then In

2] > cosy™, then for R
x

sufficiently small

F(:L‘at) > L,

a
2
a
2cosy*
a

2cosy* "

Y

|z]

then (t1 — t)r*(fA(0) + r€) < F for Ry sufficiently small where (z,t) € [Ky~ N B(xo, R1)] X [to, t1].

Thus

A <w K (t— )2 (M (0) + M+6)) - Aw-KA <K(t — 1) (0) + r’\+e)>

> 0 on [Kw* N B(:L‘o, Rl)] X [to,tl]
Since fy(1*) < 0, there exists 0 < Ry < Ry such that r*(fy(¢*) +7¢) <0, Vr < Ry which implies
w > K(t—t)*r (fa(*) +7¢) in [Ky- N0B(x0, Ro)] X [to, t1]

Since w > 0 on [Ky+«NOB(xo, R2)] x [to, t1] and V' is continuous, then we can assume that inf{w(x, ) :
(x,t) € [Ky+ N0B(xg, R2)] x [to, t1]} > 0 we can replace t; by a smaller one there exists K such
that

w > K(t— )4 f(0) +79),  V(x,t) € [Ky N OB(wo, R2)] X [to, 1)

At t = t;, we obviously have w > 0. Hence w— K (t—t1)2r*(fA(0) +7¢) > 0 on [0 K y~NIB(xo, Ra)] x

[to, t1) and [Ky« N OB(xg, R2)] x {t1} Using the maximum principle we deduce that

@) +7r9) >0, V)€ [Kw* N IB(xg, R2)] X [to,t1)
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Since w, Vw are continuous and w = 0 there exists M; such that

w(x,ty) < Ml\:v\Q
= MyR? in the neighborhood of g =0
However,
w(z,to) = K (¢ — 1) (f2(6) + )
implies
K(t —t)2 M £ (0) + ) < MyR?

Since A + € < 2 this inequalities do not hold for a small sufficient small r. This contradiction

completes the proof. O

5.2 DPositive Lebesgue Density For The Coincidence Set

Theorem 5.5. Let the assumptions as in Theorem 5.4. Then any point T € F,, is a point of positive

Lebesgue density for the coincidence set.

Proof. Let T = (Z1,- - , Ty, t) € Fp. Let Qg be an open ball of radius 2R with R > 0 centered at
with Qg x [f—R, t+R] C ¢,. By Theorem 5.4 we can take R small enough so that (8f/0z,)+ac, < 0
on Q. Since w(T1, -+, Tp_1, Ty + R,t) > 0, we can take r with 0 < r < R so that w(x,t) > 0 if
|z — | < |t—1t] <r. Let p=p(x,t) be the function which assigns to any x € R™, ¢t € [0, 7] its

distance to the vertical line through z, i.e.,
p(x) = p(x1, -, xn,t) = [(x1 — T1)* + 4 (Tpe1 — 1) + [t — 1]
Now define the set
D ={(x1, - ,xn,t) ER" x [t =1, t]; p(x1, -, T, t) <7 and Yy (21, ,Tp_1,t) < Ty < Tp, + R}.

Since (0f/0xy) + ac, < 0 on DN {z, = T, + R}, and the fact that §%f/dz2 > 0 on R" x [0, T]

implies that (0f/dz,) + ac, < 0 on D. Define
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Note that n > 0, n € C*'(R" x [0,T]), and that when p < r/2 we have n = 0. For a large M > 0
and for small § > 0 to be chosen later, for any & = (£1,--+,&,-1,t) € R"™ with |¢|] < §, and for

any = € D, define

ow

Wiat)= M

M

n—1
(z,t) + ;gka@—;(m, t) —w(w, k) + (I — t)en(z, t).
We will appl the maximum principle to the function —W, the operator —L, and the set D. Let us
make the modification of Theorem 5.1 and our other results which allow €2 to be a cylinder which
has been linearly stretched in the z,-direction. Since the set D might be extremely long in the

x,-direction, we will modified such that D C Q C Q C ¢,,. This modification is doable becasue if

(2,t) = (Z1, -, ¥n,t) € Fp, implies that (2,1) = (Z1, -+, Tn_1,Tn,t) € @y for every z, < &,. To
see this claim, assume for contradiction that du/dz; + ¢; = 0 at (2,¢) = (%1, .., ..Tn—1,Ln, t) for
some j =1,---,n — 1. Define A = &,, — Z,,. Choose 7 > 0 such that every point no more that 7

units from Z in ¢,. let

i;:(:ﬁl,"',:ﬁj—ﬂ“',i’n) and:ﬁ;:(:il,'--,:fj—ﬁ--',:in_l,:in).

Since Ou/0x; = —c;(t) on the segment from 27, to &, and du/0x, = —c,(t) on the segment from Z to

Z,u(Z,t) —u(2*,t) = —c;j(t)T— —cp(t)A. On the other hand, since du/dx, > —c,(t) on the segment
from 2* to #* and Qu/0z; > —c;j(f) on the segment from T* to &, u(Z) —u(2*) > —c; ()7 — —cn(H)A.

This contradiction means that we can assume the aforesaid relationship D € Q C Q C ¢,. By

applying the maximum principle, since Lw = df/dx,, + ac, on D,

2 n-l 2
LW = M?T% +;§kaia];n - (aa:i —I—acn> +eLn on D.
Since f/0x, < 0 on D while Ly and all the §%f/0xy0x, are bounded on D and 9%f/0xz2 > 0
S0 it is possible to choose € > 0 and ¢ > 0 small enough so that LW > 0 on D whenever [{] < 4.
Therefore, either W > 0 on D or W attains its minimum on D at some point of 9D. In view of
Theorem 5.3, W is continuous on D, now we will show W > 0 on D. If W > 0 then we are done.

Hence it suffices to show that W > 0 on dD. More precisely, we will prove W > 0 on each of the

following subset of 0D*}.
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i) For the set 9D N {w = 0}. Let any (zo,ty) be in this set, . Since w(x,ty) > 0, w(x,ty)
attains maximum at xg. As a result, dw/dxy = 0 for k = 1, -, n at this point. Therefore, on this set
W(x,t) = en(z,t) > 0.

ii) Next, consider C3 = {(z,t) € 9D*,w(z,t) > 0 and dist(z,0D N {w = 0}) < B(t — 1)},
where 5 > 0 is chosen small enough so that Cj contain no point (x,t) with z,, + R. Therefore, for
x € Cg we have p(z) = r. Since dw/dz,, = 0*u/dz2 > 0, moreover, w, dw/dx1,- - - ,Ow/Oz, 1 are
Lipschitz continuous on D and are 0 on 9D N {w = 0}. we can choose 3 > 0 small enough such
that W > 0 on Cj.

iii) Lastly, consider set E = {(z,t) € 0D;w(x,t) > 0 and = ¢ Cg}. At any point (x,t) €
E,0%u/0x2 > 0. To see this, assume for contradiction that there is an (zo,t9) € E such that
0?u/0x2(xo,t0) = 0. Since 9?u/dx2 > 0 on (Q N{w > 0}> X [t — 7, 1], then 9%u/0x? takes an
interior minimum on (Q N{w > 0}> x [t—r,t at (xq,t0). By Theorem 5.3, we have L(0%u/0x2) =
0?f/02% > 0 on (Q N{w > 0}> x [t — 1,1 at (w0, to). Using maximum principle then §%u/dz2 = 0
on (Q N{w > 0}> X [t —r,t], implies w(z, to) is constant. This constant must be zero, which gives
contradiction. Thus a2u/ am% > ¢ > 0 on E for some constant c. Hence there exist some M large
enough such that W > 0 on E. In the summary, we have W > 0 on 0D, implies W > 0 on D
by the maximum principle. It is because every point in D can be connected to a point in dD For

p <r/2we have n =0, so on DN {p <r/2} we obtain
ow N dw
M—— x,t —(z,t) > 0. 9.18
a$n($v )+;£ka$k($’ )—w> ( )
The left hand sign of (5.18) is the directional derivative of w in the direction (&1, -+, &1, M, ).
Let ¢, (t) = (:il, co Tt Un(T1, T, t)) € R™ Consider the region

D = {(z,t) €D; p(x) < (t — t)r/2 and (T — ¥, (t),t) is a positive multiple of
(5.19)
(€1, ,&n_1, M, t) for some &€ € R"™ ! with |£] < 6}
If w(z,t) > 0 for some (x,t) € D, then (x,t) € D. Since the directional derivative of w in

(Egpeee s €1y M) (fix 1) is_positive, when we move from (z,t) to (¢,(t),t) along this direction,
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w(z,t) is non-decreasing. As a result, w(¢y(t),t) > 0 This contradiction means that (z,t) € D is
contained in the coincidence set. it follows that (Z,?) is a point of positive Lebesgue density for the

coincident set.
5.3 Smoothness Of The Free Boundary

Theorem 5.6. Let the assumptions and notation as in Theorem 5.1. Then in some neighborhood
of any point (xg,tg) € Fn,

(i) Fp is a C hypersurface and, in the w > 0 region, all second derivatives of w are continuous
up to Fy,.

(ii) If f € C®, then F, € C*.

(iii) If f is analytic then, for each T, F, N{t =T} is analytic.

Proof. i) By applying Theorem 7 of Caffarelli [24] then we have the results. Let (xg,ty) € Fp,
according to Theorem 5.5, then (zg, t9) is a point of positive Lebesgue density for the coincidence
set. Let domain @ contain (zg, tg) with Q C ¢,,. The domain W in Caffarelli’s paper is that portion
of our @ for which w > 0. His v is our w. The solution w satisfy the Stefan problem (5.11), (5.12) by
Theorem 5.2. Our problem satisfied the condition (PH1),(PH2), (PH3) in the paper of Caffarelli.
The (PH1) condition about @ is known to be increasing in time is proved by following the proof of

Theorem 9.1 in Friedman [38], for any ¢ > 0, consider
N(t) ={z € Q;w(x,t) > 0}

They proved that N(t) C N() if t < ¢, which implied @ is known to be increasing in time.
The (PH2) condition is satisfied from Theorem 5.3 we have w € WH2°°(Q) so that w € CH1(Q).
Moreover, the solution w satisfies 0 < w; < C, C < oo (see the proof in Friedman [38], Theorem
9.1, page 84]). The last hypothesis we have to check (PH3) is satisfied since w € C(Q), so
w(xo, tg) = 0 and Vw(xzg,ty) = 0. Moreover, we have w > 0. The o1 W of [24] is our ¢, N Q.
As we mentioned above, w and Vw are zero on this set. ii) The assertion of our theorem follow

fromyTheoremp3pofylinderiehrer and Nirenberg [55]. Their w is our w, there Q is our {(z,t) €

www.manaraa.com



76

Q : w(z,t) > 0}, their general nonlinear parabolic equation u; — F(x,t,u, Dyu, D2u) = 0 is our
Aw — 0f /0x,, — acy, = 0. Their boundary condition are v = |Vu| = 0 on I satisfied since our w
and Vw are zero on F,, implies w and |Vw| both are equal zero on F,,. We have (zg,ty) € Fp,
the condition F'(0,---,0) # 0 become 9f/0x,, — ac, # 0 at (xo, tp), which was proved in Theorem
5.4. Condition (I) of Kinderlehrer and Nirenberg [55] requires that the boundary of Q is a C1!
hypersurface I'-the free boundary. (II)’: w and wu,: belong to CY' in QUT,i = 1,--- ,n. That
assures by 1). iii) According to Theorem 3’ of [55], if we also assumed that f is real analytic then ,

for each T, F,, N {t =T} is analytic. ]
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CHAPTER 6 REGULARIZATION FOR A NONLINEAR
BACKWARD PARABOLIC PROBLEM WITH
CONTINUOUS SPECTRUM OPERATOR

6.1 Regularization of the homogeneous problem

In this section, we shall consider the homogeneous problem

ug+ Au(t) =0, 0 <t < T, (6.1)

u(T) = . (6.2)

To proceed, we present the notation and the functional setting which will be use in the two last
sections. Let a be a positive number. We denote by {E\, A > a} the spectral resolution of the
identity associated to A.

We denote by S(t) = et = faoo eTNdEy\ € L(H), t > 0, the Cy-semi-group generated by —A.

Some basic properties of S(t) are listed in the following theorem.

Theorem 6.1. (see [32], Ch.2, Theorem 6.13, p.74). For the family of operators S(t), the following

properties are valid:
1. |1S@W)| <1, forallt > 0;
2. the function t — S(t), t > 0, is analytic;
3. for every real r > 0 and t > 0, the operator S(t) € L(H,D(A"));
4. for every integer k >0 and t > 0, ||[S®)(t)|| = ||A*S(t)|| < c(k)tF;
5. for every x € D(A™), r > 0 we have S(t)A"x = A"S(t)x.

Definition 6.3. Let A : D(A) C H — H be a self-adjoint operator on the Hilbert space H over

K andlet f,g : R — K be piecewise continuous function. We set

+o00o
D(f(A)) = {uc H: / FO ] Exul < oo}
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and define the linear operator f(A): D(A) C H — H by the formula
+oo
fu= [ B
a
for all w € D(f(A)).

It is useful to know exactly the admissible set for which (6.1)-(6.2) has a solution. The following

lemma gives an answer to this question.

Lemma 6.1. Problem (6.1) — (6.2) has a solution if and only if
o0
[ @TdlEsl? < oo
a

and its unique solution is represented by

u(t) = e D4, (6.3)
If the problem (6.1) — (6.2) admits a solution u then this solution can be represented by
o0
ut) = T D4p= / AT DdE . (6.4)
a

Since t < T, we know from (6.4) that the terms e~(*~T)* is the source of the instability. So, to
regularize problem (6.4),we should replace it by the better terms. Let ¢ and ¢, denote the exact

and measured data at t = T, respectively, which satisfy

I — @l < e

In this section, we perturbed the final condition u(7") = ¢ to form an approximate nonlocal problem
depending on a small parameter. We introduced the regularized problem with boundary condition

containing a derivative of the same order than the equation as the following equation

vi+ A =0, 0<t<T+m (6.5)

ev; (0) + (T +m) = ¢ (6.6)
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where m > 0 is a fixed number.

It is standard to prove the well-posedness of (6.5)—(6.6) and the representation of its solution

. oo e—)\t

To get an error estimate for ||v€(t +m) — u(t)||, we will use the function

. oo e—)\t

Theorem 6.2. Assume that u has the eigenfunction expansion u(t) = [;° dExu(t).

a) Assume that there exist a positive constant Cy such that || Au(0)|| < Ci. Then for every t € [0, T,

tm /T +m g_,_;;; i
e =) = 5 (L) ™+ o o

b) Assume that there exist some positive constants m and Co such that

o0
/ A2e2HmA gl B (0)]J2 < C2. (6.10)
a
Then for every t € [0,T],
[0 (t +m) — u(t)]| < (Cy + 1)eFr (M)m. (6.11)
- ln(—T"e'm)

First, we considered the Lemma which is useful to this paper.

Lemma 6.1. Let s,t,e,m,&, X be real numbers such that 0 <t < s < T, A € (0,00) and € > 0.

Then the following estimate holds true

—(t+m)A _ T—t
e ST (T;FJ> e (6.12)
X T o TFm (o)
Proof. By using the inequality
1 1
6.13
e\ + e~ (T+m)A € ln( T—|€—m) ( )
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we obtain

e~ (t+m)A e~ (t+m)A

eX + e~ (T+m)A

1

(e + e~ (T+m)A) T
T—t

(cogmemy) ™

1 THm \7om
= 6T+m (7> .
ln(T"'Tm)

IN

Step 1. Estimate |[v(t + m) — u(t + m)||. For every A € (0, 00),

00 e—)\(t—l—m)
€ € — - —
v (t +m) — u(t+m) /a AT dEx(pe — )

we have
€ € 2 > e—)\(t—l—m) 2 2
(e m) —wermP = [ (S ) B
22t ¢ T4+ m \ Foar [
< e () / d|| Ex(pe —
2t—27 / T 4+ m QTT_;T? 9
< 6T+m (7> —
< (T (@ — @)l
< A (Lom
< 62_;%( T;_Jr: >2TT+_$
In( L )
Thus
m o T4+ m TT_,_—_TZ
(e m) (e ) < H (DEmyFE
o m) =0+ ) < 5 (T

Step 2. We estimate ||u(t +m) — u(t)|| if [[Au(0)]] < Ci.

00 e—)\(t—l—m)
N ¢ A 3 DY
/a <e)\ + e~ MT+m) c )dE,\go

oo exe(T—t)A
- /a el + e (T+m)A dBxe

S A N
= |, agearndbaul0).

u(t+m)—u(t) =

(6)\ + e—(T-I—m))\) %-ly—-ﬂm (6 + e—(T-I—m))\) TT-»——_;L

(6.14)

o)|?

(6.15)

(6.16)
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And applying the inequality (6.13) again, we obtain

e+ m) w0 = [ (5T dIBO)I?

< () [ Yol

< (ﬁ) | Au(o)|>

€

Therefore

. 1
[uf(t +m) —u@)| < ﬁHAU( )|

Applying the triangle inequality, we get

[vS(t+m) —u@®)] < o (t+m) —u(t+m)| + [u(t+m) —u®)|
t+m T +m ;ﬂ;ﬁl 1
() 4O

Step 3. Estimate ||[u(t +m) — u(t)| if [ A2e2H™Ad|| E\u(0)||? < C3.

IN

Since uf(t +m) — u(t) = [°°

a WdE)\U(O), we would get

wttm)—ulty = [ — X
o €A+ e (T+m)A

00 eAe—(t-l—m))\
_ (t+m)X
_ /a S e u(0)

dE\u(0)

Then
%) —(t+m)A 2 2
€ _ 2 _ €e (t+m)A 2
e m) a0l = [ (55 mmn) (<) diBw)]
B T 2T—7$Lt )
< T () T [ R B (o)
n(TE2)
2t4+2m T+m 2;’_;3: /OO 2 2
= Tom [ 7 A (t—l—m))\d Eu(0)]2.
T (agmmy) AT B
Thus

m T =L
e (Lm)) T e2(+mAd | Exu(0)| 1
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Applying the triangle inequality, we obain

[v(t +m) —u@)]| < [t +m)—u(t+m)|+ [[u(t+m) —u?)]
ttm o T +m TT+;,L
< T+m | ———
= ¢ <1n(T+Tm)>
ttm o T +m T—_;L e
+ () \/ [ vt Byuo)
€ a
wm ¢ T+m \7m
< (G 1)6”’“<ﬁz+m _)> :
€

6.2 Regularization of the nonlinear problem

In this section, we shall approximate the problem (1.9) — (1.10) by the following problem as

follows

%ue(t) A (t) = Ble, ) f(t,u(t)), te(0,T), (6.17)

u(T) = o, (6.18)

where A, B(e, t) are defined in (6.19) and (6.20). For every v € H having the expansion v =

fa+°° dEyv, we define

+oo
S(t)v = / e P dEyv.
a

A(v) = ! /+Ool (e4 e TFmNgE (6.19)
(W) =~ ’ nle+e \U. )
+oo t—T
Ble,t)(v) = / (14 e TN R gy, ¢ € [0, 7. (6.20)
a
_ +oo E
(eI~|—S(T~|—m))"}+—£%v:/ dBxv (6.21)
a (e + e—(T'i'm))\) T+m

Notice that if f = 0 then the problem (6.17) — (6.18) has been studied in [20]. The main theorem

is as follows

Theorem 6.1. Let ¢ € H. Then the problem (6.17) — (6.18) has a unique solution u¢ € H. Let

et w € C([0,T]; H) be a solution of (6.1)-(6.2). Assume that u
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has the eigenfunction expansion u(t) = fjoo dE\u(t) satisfying fjoo 2 THmA || Byu(t)||? < oo for
every t € (0,T)]. Let ¢, be a measured data such that || — ¢|| < € where € € (0, min{T,1—e~T}).

Using e, we can construct a function U : [0,T] — H such that
IUS() — u(t)]| < (1 + B)eFT=Demim | vt € (0,7,

where € € (0, min{T,1—e~T%}) , U is a solution of (6.17) with US(T) = ¢, and

“+oo
B= sup / 2T HmM | Eyu(t)||2.
a

t€[0,7

First, we introduce some useful lemmas of the several results in this dissertation.

Lemma 6.2. Lete >0 and 0 <t < s < T. Let A be defined in (6.19) where e € (0,1 —e~19). Let

Ble, t) be defined in (6.20). Then the following inequalities hold:

a) (el + S(T+m))Tim| < eTm

b) |IS(T — s)(el + S(T +m)) T~ < eTm.
1.1

¢) [l Adl < 7 ().

d) [[B(e )] < 1.

Proof. a. Let v € H and let v = fa+°° dE)v be the eigenfunction expansion of v, we have

_ —+00 d E 2
(e + S(T +m))Tomo|? = / IExell™
a (e + e—(T—l—m))\) T+m

a

2T -2t =eTtm ”U
€ T+m

Therefore, we obtain

(e + S(T + m)) T || < eFom.
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b. First, letting v € H, we get

IS(T = s)(el + S(T +m))Tom (v)]?

+oo
_ / eQ(s—T))\(e + 6_(T+m))\)2'}1—2";rd”E)\’U”2
a

25—2T

oo T+m)A Tam)ay 272 2
o AR S R L 1
a

+00 9
= / (e + e THN)TE0 4| By
a

TOO 5 o 9
< / T d| By
a

2t—2s

= o),

Then, the following inequality is obtained

t—s

IS(T = s)(el + S(T +m))Tim || < €77

c¢. We have

A)2 = — T 2  \dlEw|?
| e(U)H—ma H(m [ Exv|”.

Since € € (0,1 —e~T), we obtain € + e~ (T+™A < 1, YA > a. The next following step is that

1
0 < In( < ln(;).

€+ e—(T+m)'\)
For that reason, we will get

1
(T +m)?

1

A()|* < w2y [ alEwl? < L m2d )2
[Ac()[I” < n”(-) 1B < g 0" (=) [Joll”
€ Ja €

d. Taking v € H, we have

“+oo

|B(e, )| = /

a

2t—2T +oo
(14 TN Bl < [ d|Bsel? = ol
a
which concludes the proof. O

Lemma 6.3. Let ¢ € H and let f : R x H — H be a continuous operator satisfying || f(t,w) —
f(t,v)]] < Ekllw —wv]|| for a k > 0 independent of w,v € H,t € R. Then problem (6.17)—~(6.18) has a

) for any 0 < e <1—e T2,
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Proof. The proof of Lemma 6.3 is divided into three steps.
Step 1.

For w € C([0,T]; H), we insert

T
Fw)(t) = (e + S(T +m)) # [ - / S(T = 8) (s, w(s))ds)]. (6.22)
For every w,v € C([0,T]; H), we stated that we will }tlave
I# ) - ol < (E=2) Lol (6.23)
where C' = max{7,1} and [||.||| is sup norm in C([0,T]; H). Using the induction method we shall

prove the latter inequality. Using Lemma 6.2 and the Lipschitz property of f for n = 1, we have

T
[E(w)(t) = F(o)(@)] = II/S(T—S)(61+5(T+m))ﬂ—£@(f(s,w(5))—f(s,v(S))dSII
t

T
< 2 [ = v(s)lds < CET = pl|jw =l
t

Suppose that (6.23) holds for n = j. We would prove that (6.23) holds for n = j + 1. In fact, we

have
T

IF7 (w) (1) = FIH () ()] = ||/S(T—S)(61+S(T+m))ﬁ—ﬁ(f(Fjw)(S)—f(Fjv)(S))dSII
t

T
@0k [P w)(s) - P ) (s) s
t

IN

€

[ANEARY) (T — )i+l
< (Z) WCJH\HU’—U\H-

Therefore, by the induction principle, we have (6.23) for all w,v € C([0,T]; H). We consider F' :
C(]0,T]; H) — C([0,T7; H). Since nli_r)noo (%)n % = 0, there exists a positive integer ng such
that F™ is a contraction. It follows that the equation F™ (w) = w has a unique solution u¢ €
c([0,T7; H).

We claim that F'(u¢) = u€. In fact, one has F(F"™ (u)) = F(uf). Hence F™(F(uf)) = F(uf).

By the uniqueness of the fixed point of F™, one has F'(u¢) = uS, i.e., the equation F(w) = w has
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Step 2.
Suppose u€ is the unique solution of the integral equation (6.22), then u€ is also a solution of the
(6.17)—(6.18).

In fact, we have
T
ut(t) = (el + S(T-I-m))Tt:L—rTn [(p - /S(T —s)f(s,u(s))ds|, t €[0,T]. (6.24)
t

Taking the derivative of u(t), and by direct computation, we get

d

aue(t) = Auf(t) + B(e, t) f(t,u(t)). (6.25)

Now, we are clear to see that

u(T) = .

Hence, u€ is a solution of problem (6.17)—(6.18).
Step 3. The problem (6.17)-(6.18) has at most one solution in C([0,T]; H).
Let u and v be two solutions of problem (6.17)—(6.18) such that u,v € C([0,T]; H). First, we

denote g : R x H — H such that

9(t,u(t)) = B(e,t) f(t, u(t)).

Next, because the property of function f defined by Theorem 4.3, for any w,v € H, we have for

any w,v € H

lg(t, w(t)) = g(t, o) < [|1B(e, )| f(E, w) = f(E,0)|| < kljw —vf.

Put

w(t) = e D (u(t) —v(t)) b > 0.

By calculating directly, we have w satisfying the equation

wy + Aqw(t) — bw(t) = D) <g(t, e=bE=T)y (1)) — gt e_b(t_T)v(t))> . (6.26)
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It follows that
< wilt) + Aqw(t) — bw(t), w(t) >=< @D <g(t, e~ EDy(1)) — g(t, e_b(t_T)v(t))> L w(t) > .
Using the Lipschitz property of f, we have
| < M) (gt e Tu(t)) — g(t, e Do) ) w(t) > | < Kllw(®)]?
the result is
< D (gt e Du(t) = g(t, e Do) ) w(t) > = —klw ()]

and using Lemma 6.2c, we have

| < Acw(®),w(®)> | < 5O

which gives
1.1 )
< Acw(t),w(t) > = =z () lw®)]*
This implies that

Ld

5 @I = bl — K] - 7))

Let any ¢; € [0, T]. Taking the integral with respect to ¢ from ¢; to T, we get

T
oD~ el 22 6=k = I ) .

Choosing b = k + 71In(2) and noting that w(T) = 0, we get w(t;) = 0. Hence, w(t) = 0 or
u(t) = v(t), Vt € [0,T]. This has concluded the proof of step 3. O
Lemma 6.4. The (unique) solution of problem (6.17)—(6.18) depends continuously (in C([0,T]; H))
on .

Proof. Let u and v be two solutions of problem (6.17)—(6.18) corresponding to the final values ¢

and w respectively. We have

wt) —o(t) = (eI + S(T +m)) T (o — w)
T

— [ ST = s)(el + S(T +m)Tom (F(u(s) — f(u(s))ds.
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When we applied Lemma 6.2 and the Lipchitz property of f we get

lu®) — v @l < |I(eI + ST +m)Fm (o - w)|
T
HI [ S = S)(el + ST+ m) T (Fuls) ~ F(0())ds]
t T
< Ao wl +k [ T us) - o()ds,
t

Therefore
T
TR ult) ~ v(O) < € TR o -l + & [ T u(s) - v(s)ds.
t
Applying Gronwall’s inequality, we obtain
AL (T —t
lu(t) — v(t)|| < eTTm FT Do — w]].

The solution of the problem (6.17)—(6.18) is depending continuously on ¢ and Lemma 6.4 proof
using the inequality as stated. O
Now, we turn to

Proof of Theorem 6.1. In view of (1.11) that

T
w(t) = S(t— T)p — / S(t— 8)f(u(s))ds.
t

It leads to

t—=T

S(T —t) (el + S(T +m)) D/ THmy 1) = (eI + S(T +m))TFm o —
T

- / S(T — §))(el + S(T +m)) ¥ f(u(s))ds.
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Applying Lemma 6.2 and the inequality 1 — (1 +2)~* < za, (x,a > 0) we get
T
T
Ju(t) —u @) < / I1S(T = s)(el + S(T +m)) T || [[f (u(s)) — f(u(s))l[ds
t

(L= S(T = t)(el + S(T +m))Tom )u(t)|

< k/eTtwL;:%Hu s) —u(s)||ds

=T

+oo
+ / (1= (1 ee™mN) T 2 By |2

T
m atm Tt oo
< %m/e Tm [lu(s) — u(s)||ds + € \// 2 THmAd| Exu(t) ]2,
T+m\ J,
t

t+m
Notice that 0 < € < eT+m we obtain

T u(t) ~ w (O] < B+ k [ T Juts) - u(s) s

By using Gronwall’s inequality we get e Tom |u(t) — uf(t)|| < BekT=1),
Therefore

u(t) — us(t)|| < BePT—teTsm.

This follows from Lemma 4.3, Lemma 6.4 that

1US(#) —uw@®] <[l () = u @ + [[u(t) = u(@®)]]

< (1 + B)eH DT,

for every t € (0, 7).

This has concluded the proof of Theorem 6.1. O
6.3 Numerical experiment

In this section we give an explicit example for problem (1.9) — (1.10). Let us consider the

backward heat problem

= f(u) +g(z,t), (z,t) € (0,7)x(0,1) (6.27)
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u(0,t) = u(m,t) =0, te]lo0,1], (6.28)
u(5,1) = ple), @ € [0, (6.29)
where
g(z,t) = 2etsinz — et sintz,
(
ul u € [—el, el0]
B —ee%olu-l- :4711 u € (e'? et
fw) = 0, et _pll 10
A u € (—et, —e']
10 lu| > ell
and

u(z, 1) = @o(z) = esinzx.

This is a particular case of (1.9) — (1.10) where H = L?(0,7) and A = —A, which associates with
the homogeneous Dirichlet boundary condition. This operator admits an eigenbasis ¢, = %sin(n:v)
for L2(0, ) corresponding to the eigenvalues )\, = n%. We also denote < . > is the inner product

in L2(0, 7). The exact solution of the equation is

t

u(z,t) =€ sinx.

Especially

999 999
— | = = — | si ~ 2.71 4 inz.
U (:v, 1000) u(z) = exp (1000) sinz 715564905 sinx

Let pc(z) = ¢(x) = (e + 1)esinxz. We have

™

”906_90”2 = /6262 sin? xdx:ee\/g‘

0

From (6.19) and (6.20) we have

1 oo
Ac(v) = ~7 Z In(e + e_T”Q)vn sin nx

n=1
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and

Ble,t)(v) = Y _(1+ ™) T v, sinna

o0
for v =) vy, sinnz.
n=1

Applying the problem (6.17) — (6.18), we have the regularized problem

gue(:v, t) — 7; In(e + e_"Q)ufl sinnz = 7;(1 + eeT”Q)t_lfn(ue) sinnz, t € [0,1], (6.30)
u®(0,t) = u(m,t) =0 (6.31)
u(z, 1) = p(x) (6.32)

To solve this problem we may apply the standard Euler’s method to discrete it into the form

u(x, ty) — u(x, tma1)

7fm - 7fm—i—l
u(z, tg) = u(z, 1) = pe() (6.34)

= —Ac(u(z,tm)) + B(€; 1) (f (tm, u(x,tm))), t €[0,1],  (6.33)

Here we use a uniform mesh t,,, = 1 — am(m = 0,1, 2, ...) with the mesh size a. More clearly, we

shall find u®(z, t,,) under the form
o0
u(z, ty,) = Z W, m SINNT (6.35)
n=1
where wy, ,, is computed by induction with m as follows

Wn0 =< @e(x),sinnz >

tm ™
tm41—tm 2
Wnmt1 = (€+ e_tm"Q) tm Wm — — / els—tm)n® /(ue(:v, tm) + g(x, s)) sinnzdx | ds
7
tm1 0
For simple computation, we shall find the regularized solution u¢ (z, 15%) = uc(z) having the

following form

U () = (@) = Wi g sin T + we 4, sin 6

where

vi(z) = (e + 1)esinx

wy1 = (6 =+ 1)6, we,1 = 0,
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and
_ 1

@ = 5000

tm=1—am m=12,...,5

Wim+1 =

o tmt1—tm 9 tm o (7 . .
= (e4 e tm) T im Wiy — 2 [ Gt ([ (04 (2) + g(z, s)) sinizdx | ds | ,i=1,6.
tm41 0

Put a. = ||ue — u|| the error between the regularization solution u,. and the exact solution u. Letting

e=e =102 e=€=10"7,¢ = e3 = 10711, we have the first table

€ u Qe

1073 | 2.718118645 sin(z) — 0.005612885749 sin(6z) 0.002585244486
10~% | 2.715807105 sin(x) — 0.005488275207 sin(6x) | 0.0002723211648
10711 | 2.715552177 sin(x) — 0.005518178192 sin(6x) | 0.00004317829056

If we apply the method given in [63], we have the another approximation solution as follows

999 . .
ue(x, m) = Upy () = W1 g SN T + w3 4y, Sin 32
where
vi(z) = (e + 1)esinz
w1, = (6 + 1)6, w31 = 0,
_ 1
@ = 5000
tm=1—am m=12,...,5
Wim+1 =
(t 4 ) 2 tm ot _(tm—tm+1)ei4 s
=e TR g  — 2 [ 7T T T T (f (vm(2) + g(z, s)) sini:nd:n) ds,i=1,3.
tm41 0
We have the second error table
€ u’ Qe

1073 | 2.718071080 sin(x) — 0.005676570519 sin(3x) | 0.006205188635
107 | 2.715756679 sin(z) — 0.005544174983 sin(3z) | 0.005547490740
1071 | 2.715499520 sin(x) — 0.005529451769sin(3z) | 0.005529838340

If we apply the method QBV given in [80], we have the approximation solution as follows

999

T, m) = Upy () = W1 gy SN T + w3 4y, Sin 32

ue(
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vi(z) = (e + 1)esinzx

wy1 = (6 =+ 1)6, w31 = 0,

tm=1—am m=12..5

tm

—t1i2 — 12 = .. .
Wil = S ;g — 2 ﬁ (f (v () + g(, 5)) smz:vd:v) ds, i=1,2,3.
0

et+e—tmi

tm+1

We have the third table

€

ué

Qe

1073
1074
10—11

2.677010541 sin(z) — 0.00001660800099 sin(3z)
2.706890214 sin(z) — 0.00002685739642 sin(3z)
2.710234914 sin(z) — 0.00004360860072 sin(3z)

0.03855436757
0.008674732576
0.005330169394

Looking at three above tables in comparison with three other methods, we can see the error results

of the first Table are smaller than theirs in the second Table and third table. This shows that our

approach has a nice regularizing effect and give a better approximation in comparison with the

previous method in, for example [63,80].
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This dissertation considers a stochastic dynamic system which is governed by a multidimensional
diffusion process with time dependent coefficients. The control acts additively on the state of the
system. The objective is to minimize the expected cumulative cost associated with the position
of the system and the amount of control exerted. It is proved that Hamilton-Jacobi-Bellman’s
equation of the problem has a solution, which corresponds to the optimal cost of the problem. We
also investigate the smoothness of the free boundary arising from the problem.

In the second part of the dissertation, we study the backward parabolic problem for a nonlinear
parabolic equation of the form u; + Au(t) = f(¢,u(t)),u(T) = ¢, where A is a positive self-adjoint
unbounded operator and f is a Lipschitz function. The problem is ill-posed, in the sense that if the
solution does exist, it will not depend continuously on the data. To regularize the problem, we use
the quasi-reversibility method to establish a modified problem. We present approximated solutions
that depend on a small parameter ¢ > 0 and give error estimates for our regularization. These
results extend some work on the nonlinear backward problem. Some numerical examples are given

to justify the theoretical analysis.
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